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Support schemes

Let A be a Hopf algebra over a field k, char(kR) = p > 0.

Then H®(A, k) is a graded-commutative algebra.

Cohomological spectrum and support varieties
The cohomological spectrum of A is the affine scheme

|A| = Spec (H'(A, k)).
Given an A-module M, let I4(M) be the kernel of the (k-algebra) map
H* (A, k) = Ext2(k, k) =28 Ext?(M, M).
The cohomological support scheme associated to M is

|Aly = Spec ( He (A, fe)//A(/\/I)).



Properties of support schemes

Let A be a finite-dimensional Hopf algebra such that H*(A, k) is a
finitely-generated k-algebra, and such that H*(A, M) is finite over
H®(A, R) for each finite-dimensional A-module M.

Then one has the following good properties for cohomological
support schemes of finite-dimensional modules:

Some good properties of support schemes
- dim|A|, = cxa(M), the complexity of M as an A-module.
- |Aly, = {0} <= Mis projective <= M is injective.
" [Aluen = Al U Al
- If Alis cocommutative, then [Alyoy € [Aly N [A]-



Finite groups

Case A = RG, group algebra of a finite group G, char(R) = p > 0.

- IfE=(Z/pZ)" is elementary abelian, then |RE| is affine n-space.

- In general, Quillen (1971) showed that |kG| is stratified by pieces
coming from the elementary abelian p-subgroups of G.

kG| = (]  rest c(IRE])

E<G
E elem. ab.
- In the 1980s, Carlson conjectured, and Avrunin and Scott proved,
that |RG|, can also be computed in terms of data coming from
the elementary abelian p-subgroups of G.

kGly = reste(IRELy)

E<G
E elem. ab.



Restricted Lie algebras

Suppose kis a field of characteristic p > 0.
Let g be a finite-dimensional restricted Lie superalgebra over k.

Let V(g) be the restricted enveloping algebra of g.

There is a homeomorphism
V(g)| = Np(g) = {x € g: x% = 0}
For each finite-dimensional V(g)-module M, one has

V(g)ly = {x € Np(g) : Mg }-

In particular, projectivity of modules is detected by restriction to
subalgebras of V(g) of the form R[x]/(x").



V(g)| = Np(g) = {x € 3.: X1 = 0}
V(8) | = {x € Np(g) : Mli }
From these explicit descriptions for |V(g)| and |V(g)|,, we get:

Naturality
Ifh C gis a restricted Lie subalgebra, then

V(B)] = Np(b) € Np(g) ~ V(g)]

and under this identification,

V(D) [y = [V(g)ly N b.



Infinitesimal group schemes

finite group scheme G <+ f.d. cocommutative Hopf algebra kG

infinitesimal group scheme G <« f.d. cocom. Hopf algebra RG
such that the dual Hopf algebra (RG)* = R[G] is local

Examples
- If G is an ordinary finite group, then its usual group algebra is
the group algebra of a finite group scheme.

- If g is a finite-dimensional restricted Lie algebra, then there
exists an infinitesimal group scheme such that RG = V(g).



Suslin-Friedlander-Bendel (1997)

Let G be an infinitesimal group scheme of height < r. Then there
exists a homeomorphism

|RG| = V(G) := Homgrp(Gq(r), G)-
Call V/(G) the scheme of one-parameter subgroups in G.

Example
For G = GLp, the r-th Frobenius kernel of GL,, one has

Ve(GLn(ry) = {(ao, s ) €l ozlp =0, [aj, 4] = 0, Vi,j} .



If v : Gg(y — G is a one-parameter subgroup, and if M is a rational
G-module, then M pulls back to a rational G4y-module, v*(M).

Equivalently, »*(M) is a module over the group algebra

kGagy = (RIT/(TP)) " = Rluo, - ., Ura]/(UB, ..., UP_,).

Suslin-Friedlander-Bendel (1997)

Let G be infinitesimal of height < r. If M is a finite-dimensional
rational G-module, then

|RG|,y = {v € V/(G) : v*(M) is not free over R[u,—4]/(uP_,)} .

Consequences: Naturality, ®-property [RG|yqy = [RGly N |RG]y, .



Let G be a finite group scheme over the field k. A w-point is a flat

map of K-algebras ay : K[t]/(tP) — KG for some field extension K/R
such that « factors through the group algebra of some unipotent

abelian subgroup scheme Uy C Gy.

Say that ak is equivalent to 5, if for all finite-dimensional M one has
a* (M) is projective <= [*(M,)is projective

Let M(G) be the set of equivalence classes of w-points.

Friedlander-Pevtsova (1997)
There is a natural homeomorphism

Vs : M(G) = Proj (H*(G, R))

which restricts to |G|, ~ {[a] : @*(Mk) is not projective}.



How can we begin to generalize this to supergroups?

Supergroups

A group in stratigraphy is a lithostratigraphic unit, a part of the
geologic record or rock column that consists of defined rock strata.
Groups are generally divided into individual formations. Groups
may sometimes be divided into “subgroups” and are themselves
sometimes grouped into “supergroups.”



Superalgebra

Super = graded by Z, = Z/2Z = {0,1}

+ Super vector spaces V= V; @ V5

- Ve W= W Vvia the vaw e (=1)""wev

Define Hopf superalgebras to be Hopf algebra objects in the (tensor)
category of vector superspaces.

Examples of Hopf superalgebras

- Ordinary Hopf algebras (as purely even superalgebras)
- Z-graded Hopf algebras in the sense of Milnor and Moore
- Enveloping superalgebras of (restricted) Lie superalgebras

- Exterior algebra A(V) over a (purely odd) vector space V
(both commutative and cocommutative in the super sense)



Infinitesimal unipotent supergroups
RG is the group algebra of a finite supergroup (scheme) G if:

- RG is a finite-dimensional cocommutative Hopf superalgebra.
Then G is infinitesimal if

- the dual Hopf superalgebra R[G] = kRG* is local,
and G is unipotent if

- RG is a local k-algebra.



Some important (for us) Hopf superalgebras

- P = R[Ug, ..., Ur—1, VI/(Uf, . UP, uP + v2), where
* Ug,...,U,_q1 are of even superdegree, v is of odd superdegree,
- coproducts for uo, ..., ur_q look like they do in RGq(p,

- uP_, and v are primitive.

- P, is a commutative complete intersection.

- In particular, Py = R[u,v]/(uP + v?) is a hypersurface ring.



Support space

Pr = R[Uo, ..., Ur—1,V]/(Ug, ..., Ul ul_ +?)

Lemma
Let G be a finite k-supergroup scheme. Then the functor from
commutative k-algebras to sets,

Ve(G) : A= Vi(G)(A) = HomsHopf/A(Pr ®r A, RG @ A),

admits the structure of an affine scheme of finite type over k.



Support schemes for modules

Py = R[u, v]/(uP + v?)
Superalgebra map ¢ : Py — P, defined by «(u) = u,—y and «(v) = v.

The support scheme V. (G)u

Let G be a finite k-supergroup scheme and M a finite-dimensional
RG-supermodule. Set

Vi(G)m = {v € Homspops(Pr, RG) : projdimp (L*v*M) = oo} .

Then V. (G)um is a Zariski closed conical subset of V,(G).

Key ingredient of the proof: Explicit P;-projective resolution of k
constructed via Eisenbud’s theory of matrix factorizations.



\/r(G) == HOmSHODf(IP)r, ’?G)
Ve(G)m = {v € Vi(G) : projdimp (:*v*M) = oo}

Remarks

- If G is an ordinary finite group scheme, i.e., RG is purely even,
Then V(G) = Homgp(Gq(ry, G), as defined by SFB.

- If RG = V(g) for a f.d. restricted Lie superalgebra g, and if p > 5,
then points in V4(G) identify with subalgebras of g generated by
u € gz and v € gr such that [u,v] = 0 and ulP! + 1[v,v] = 0.

- Naturality: If H is a closed subsupergroup of G, then V,(H) is
closed in V/(G), and V.(H)u = Vi(G)m N V. (H).

- Stratification: Vi(G)m = Ugg<ig Vr(E)u
RE ranges over fin. dim. Hopf quotients of P, (described later).



Drupieski-Kujawa (arXiv 2018)

Let G be an infinitesimal unipotent supergroup scheme of height
< r. Then there is a natural k-algebra map « : H(G, k) — R[V/(G)],
which defines a universal homeomorphism of schemes

|G| ~ Vi(G) = Homgyopr(PPr, RG).

This restricts for each finite-dimensional kRG-supermodule M to a
homeomorphism

|G|y ~ Vi (G)m = {V € Vi(G) : projdimp, (L v*M) = }

If G is a purely even, theorem reduces to unipotent case of SFB.

Proof ingredients: ‘superization’ of SFB + detection theorem of BIKP.



Let G = Ggqry X Gy
kG = R[s]/(s") ® k[t]/(t")

H(G, k) = R[x,y] ® A(\)

Then |RG| = k? = V4(G) = Homyopr(P1, RG).

(c,d) € R defines yc gy : P = RG,  ycay(u)=d-s, yea(v)=c-t

Let L = L(,,q) be the 2p-dimensional kRG-supermodule ...
draw on board

Proposition
V4(G), is the affine line in V4(G) through (u, a).



Toward the non-unipotent (infinitesimal) case

For arbitrary infinitesimal G, we don't have a description for |G|.
However, previous calculations show that, up to a finite morphism,
|GLmin( | sSeems to identify with Vi(GLn()(R).

Vr(GLm|n(r)) = {(a07 cee 7051'77’5) € 9[(m|”)5xr X 9[(m|”)7 :

[aj, ] = [evi, Bl = O for all0 < i,j < r—1,

of =0forallo<i<r-2, andafﬁﬁrﬂzzo}.

So, betting on the inertia of truth, perhaps V,(G) is the correct
ambient scheme to consider even for non-unipotent G?

V(G)m also makes sense, and is closed in V,(G), for non-unipotent G.



Letf=TF + S a;TP" € R[T] be a p-polynomial (no linear term).
Let n € k be a scalar.

The infinitesimal multiparameter supergroup M.,
kM, = Pr/(f(ur—1) + nuo)

Proposition

Every finite-dimensional Hopf quotient of P, is of the form
* RGq(sy forsome 0 <s <,
- RGg = R[v]/{v?), or Gq (A) = (A7, +)
* RMs,, for some 1 <'s <rand some f,n as above.



Benson-lyengar-Krause-Pevtsova

For unipotent finite supergroup schemes, projectivity of modules
and nilpotence in cohomology are detected (after field extension)
by restriction to ‘elementary’ subsupergroup schemes.

The infinitesimal elementary k-supergroup schemes are

* Go(p) forr>0,
* Go(ry X Gq forr>0,
* Miqps o forr,s > 1,
“ M, s forr>2,s>1,and0#nek

The group algebras of these each occur as Hopf quotients of ..

Roughly: Ml,.¢,, is unipotent if the polynomial f is a single monomial.



Question

For arbitrary infinitesimal supergroups, is projectivity of modules
and nilpotence in cohomology detected (after field extension) by
restriction to finite-dimensional Hopf superalgebra quotients of P,?

Seems likely that the hardest part of extending |G|, ~ V/(G)u to the
non-unipotent case will be answering this question.

For non-unipotent G, you need more than just the unipotent
elementary subsupergroup schemes to detect nilpotents in
cohomology. For example, the cohomology of

RMh;,—1 = R[u, V/(UP + V2, UP — u)

is not detected by restriction to unipotent subgroup schemes.



The end?



