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NOf‘QHoﬂ :
G

simple , simply = conneckol algebraic group Scheme over TF':P,
B=UXT Borel Subgroup, its unipohnt rodical, mogimal torus
F:G~>G standmd Frobenius muphism

Gr = ker(FT)  r-th Frobenius kernel

GUR) = GF' finik Subgroup of IFq-rafional points (q=p")

Queston ( Parshall , 1%7)31 Let M be g Finike ~dimensional rarional G-module.
Suppose Mlg, & projechw. Is Mleg,) alse projecHVe?

. True fom +he Sf—einbmg module &t = L(cp-1p) = HCep-12p) = V(¢p-1p ).
2. True i p>2(h-1), h the Coxetn number of G, sin then the

projecive indecomposables fr G, ore all G- summomds of St @V
for oppropriake  rotionol G -modules V.

Theorem  (Lin - Nakang , 1999 ) ¢

"
The answer +v Parshall's question is ves

provided p#2 i G w of type Bn,Cn, o Fy, omd p#2,3 i G ¥ of ype Ga-

1

Call p "axcellent” for G y these conditions are sahsfied.



Lin-Nakano resul+ Follows +rom +heir Study of complexify.

CXg M ° complexity of M as a G;~module

rate of growth of & minimal projective resolution for Mlg

= dimension of the associakd cohomological suppaf vomiety Vg (M),
cxg, M =0 if and only if Mlg w projechve.

Theorem { Lin = Nekano ) -
G -module. Then

Let M be a finite-dimensional rational

[
Z = M £ = M<£ 5 M
Xeir,) M K, M CX i, cxu,M Xg, 27 Cxg

Thus, y M ’G, w projective, then <Xg M =0, hence Xgir,) M=0,
which implies that M 'G“Fp) W projechve .

cXu, M = rate of growkh of dim H'(U,,M)
CXugp,) M = rate of growth of dim H(U(Fp), M)

The group ring KUUF,) w Filtered by powers of the augmentation idea!

Theorem ( Quillen * Lin-Nakapo ) °

Jj p w excellent, then
gr KUOF,) 2 u(Lieu)) , the restrickd enveloping algebra o} Lietu).

consequence :

Since u(Lie(U))“mOd"? U,"rnod ) one can conshuct
a spectral sequence E M = HW (U, M)y = HY(UR),M),

Construction depends on M admithing a weight space decomposition |



Question:| Let M be a Finite - dimensional ratonal G-module . Let ‘?:Pr-
Suppose Mlg. & projechve. Os M'G(/Fq) PrOJ'eche?

Previous approach does not generajize o > 1.
gr KUUFR) is a poor approximakon fo1  Ur. (Mo on this later )

Observe * Mlg, projecive = Ml projechive
M'quq) projechve = Mle:q) projéchve
(blc UlR) w a  Sylow p-SUbgroup)

Theorem (D) ‘| Let M be a finile-dimensional rahional B-module (p arbitrary).
J{) Mlu, 1 projechive , then Mlu(/;:q) o projechve.

Main tool of proof :| Algebra of distributions on U, Dist(u)
(aka, the hyperalgebra of U ).

. . s n) ]
Fo1 each roof subgroup U« € U ) Dist () han, basis {Xq II’TZO

m ymy — n+m (mm)

o Xac - ( n ) ol

. (0y)
* Dist(U) hoo a basia of PBW-monomials Xy Xy
* Dist(Ur) w spanned by those monomials with 0<n;< Pr=%

* U~ mod = Dist(Uyr)~mMod.

* Action of Dist(Ux) on a Ux-module M deteamines the achon of Ux °
U Xui GaUa_W a 4ixed womaphism , € Ga and MEM, Fhen

Xl@d.m = 2, (a"X™). m,l




(n)

* Xq(@) acts on a rational Medule Via Znzo Q" K«

(1+m n)
© 4 aelFq, then a*=a, o then %q(@) €U(Fq) acts as Z a (Z v )

. (i+tng-1))
* Setf Ye,0 =1, and 4o 1£i€q-1, set VYu,i = ZHZO X

Lemma ‘| Let M be a rational Ux-module. Then +he span in Endy (M)

of Yoa,0 0 Y1 2 000 YO(,q-| w He same v the k-span 01) Phe
operatms  Xa(a)€ Ux(FFq)  (aelF).

Idea of proof :| Linem hramsfrimahon sending one set of operatms
to the othn W given by an inwkible Vandermonde Mmalrix.

Proof of +he +heorem !

Let M be a Finite ~ dimensional rakonal B-module. Suppose Mlu. 1 projechie.
Then M admits' o Dist(Ur) = basis  § M,y My, ") Mg ] co,;)‘sishng of
weighr Vectn s . S0 dimM = g dim Disk (U,) = r-g |

Since dim Dist (Ur) = dim K UUF) , M w 4ree (henc proJ'ech'w)
over kU(qu) provided S M,y my, -, ms} geneaks M oo o KU(Fe) ~module |

* k U(IFq) W SPOYmed by X,x‘(a,) Xo(zlaz) Y XdN(ON) (O;G/Fg)
* can replace by (Yearyn ) Vg ) 0 (et ny ) (0¢n;<9-1)

(%-n X(q,-:) X (q-1)

¢ lowesk weight vectm ay M; = (yd“%-,)(yo(,,tyl)"'()’dy:%-/)-m

(nz) (Ny) _
¥ Oqu ngh" vechs X“/ o Xd” My = (Y"(/)nl)(ydz;nz) (nylnA/) ‘ mJ.

modulo lowen weight vectors



Theorem M o finite ~dimensional rabonal G ~module .
Then Mg, projechye = Mleapq) projechye

Theoem is false if G is replaced by U !

Example ‘| G=6L,, UG,
Define £ U>U by Fet)=t-tY Then ker(f)= U,
Toke M = F*(Sh), pullback of St via .
fly.=id (bl Ur=30€6a| af=a%=01,
L M E St aoa Urmodule  but M is frivial for U(IR).

(Note: M does not lifF +o a rakonal B-module bfc t-t1 non'homogeneous.)

Weil restrichon

Set m= Liecy) . n= Y]]FP@[;P K N 'n”:q = .’r”FP@/FP /Fé .

Mg, w a p-restrickd. Lie algebra own IFp.
g W also o p-restrickd Lie algebm over IFp (Fcngel- qu‘vedm Space Sh‘uch/he)

Theorem ( Quillen + Lin, Nakano ! 5] gr kKUF) = u (N, O, k).
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k) = n®" p-restrickd Lie algebras / Kk .



If M & o raHonal G-module, the acton of Mgy on M extenols Iineonly o ’n,,:q@,FPk,
ddentifying N, 8, k = ’n@r, the achion w the Compodite of the r-fold
oddition mop nér -y y o (X Xay ) Xp) B Xyt Xt 4 Xy, with the
adingy achon of N m M,

Jn pambculomn, (X, -%x,0,,0) € n®" acts o zero on M,

Theorem (Friedlander) *| Let M be o rabonal G-module, Then
|
Z .
‘ | CXGqu) M < e CXU‘quG’FPk) M.
I pmticulon, If M B projechve over Utege B, k) = ucg® ),

then M w projechve owr GliF).

@ B B D o w® e

Claim+ f M is a rational G-module, then M is not projechue fo u(o®"),

Look at the suppat voviiehy nger) (M) ¥ j, EGOJGP} 2720 and M ez }
b not projechie

Choose any O#XGNP(g). Then 2= (X,=%,0,-,0) €V, (M),

(g@f)



