A SEGAL CONJECTURE FOR p-COMPLETED
CLASSIFYING SPACES

KARI RAGNARSSON

ABSTRACT. We formulate and prove a new variant of the Segal
Conjecture describing the group of homotopy classes of stable maps
from the p-completed classifying space of a finite group G to the
classifying space of a compact Lie group K as the p-adic completion
of the Grothendieck group A,(G, K) of principal (G, K)-bundles
whose isotropy groups are p-groups. Collecting the result for dif-
ferent primes p, we get a new and simple description of the group
of homotopy classes of stable maps between (uncompleted) classi-
fying spaces of groups. This description allows us to determine the
kernel of the map from the Grothendieck group A(G, K) of prin-
cipal (G, K)-bundles to the group of homotopy classes of stable
maps from BG to BK.

INTRODUCTION

Inspired by Atiyah’s description |3] of the representable complex pe-
riodic K-theory of a finite group G as the completion of the complex
representation ring R[G]| at its augmentation ideal,

R[G] = KU°(BG),

Segal conjectured that the zeroth stable cohomotopy group of a finite
group G could analogously be described as the completion of the Burn-
side ring A(QG) of isomorphism classes of virtual finite G-sets ([14]), with
respect to its augmentation ideal I(G),

A(G) gy — TH(BG).

After many partial results by various authors, this conjecture was
eventually settled in the affirmative by Carlsson in [7]. In this ac-
count we mention only the three major contributions which in the
end combined to form a solution of the conjecture, but the reader
is encouraged to look up [7] for an account of the history of the Se-
gal conjecture. Adams-Gunawardena-Miller proved the conjecture for
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elementary abelian p-groups in |2|. May-McClure simplified the con-
jecture in [10], where they proved that if the conjecture holds for all
finite p-groups, then it holds for all finite groups. The solution of the
conjecture was completed by Carlsson in [7], where he supplied an in-
ductive proof showing that if the Segal conjecture is true for elementary
abelian p-groups then it is true for all finite p-groups.

The Segal conjecture was extended by Lewis—May—McClure in [§|
to describe the group of homotopy classes of stable maps between
classifying spaces of finite groups, and later by May-Snaith—Zeliski
in |11] to allow the classifying space of a compact Lie group in the
target. For a finite group G and a compact Lie group K, they con-
sider the Burnside module A(G, K). This is the Grothendieck group
completion of isomorphism classes of principal (G, K)-bundles, which
are (K x G))~bundles such that the K-action is free with finitely many
orbits. The Burnside module A(G, K) is an A(G)-module which as
a Z-module is free with one basis element [H, ] for each conjugacy
class of pairs (H, ) consisting of a subgroup H < G and a group
homomorphism ¢: H — K. Letting {BG,, BK .} denote the group
of homotopy classes of stable maps >*°BG, — X*°BK,, there is a
natural homomorphism

a: A(G,K) — {BG.,BK .},

which sends a basis element [H, ¢] to the stable map By, o try,
where try is the transfer map discussed in Section 1.2. In [8] and [11] it
is shown that the Segal conjecture implies that this map is a completion
with respect to I(G). The original Segal conjecture is the special case
when K is the trivial group.

The I(G)-adic completion of A(G, K) is in general difficult to de-
scribe, but in the special case where G is a finite p-group S, May-
McClure 10| gave a simple description. Letting A(S, K) denote the
quotient module obtained from A(S, K) by quotienting out basis ele-
ments of the form [P, ct] where ct is a constant homomorphism, they
noticed that the I(S)-adic topology on A(S, K) coincides with the p-
adic topology, and therefore the induced map

a: A(S,K) — {BS,BK}
is a p-adic completion.

The main result of this paper can be regarded as an extension of
this result of May-McClure, where we drop the condition that G be
a p-group but p-complete BG instead. In other words we describe
{(BG)Q, BK} in similarly simple terms as a p-completion of a certain

submodule of A(G, K). Let A, (G, K) be the submodule of A(G, K)
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generated by those (G, K)-bundles whose isotropy groups are p-groups,
and let A,(G, K) denote the corresponding submodule of A,(G, K).
We prove the following theorem, which appears in the text as Theorem
3.1.

Theorem A. For a finite group G and a compact Lie group K, the
homomorphism

A4,(G,K) 2 {Ba, BK} - {(BG), BK}
induced by a 18 a p-adic completion.

Here ¢,: IB%GQ — BG is the natural wedge summand inclusion ob-
tained from the natural splitting ¥*°BG ~ \/q EOOBG;\, as discussed
in Section 1.1.

Since « is natural in G and finite K we can state the finite group
version of this theorem in terms of isomorphisms of categories. This is
done as Corollary 3.3 after we have developed the necessary framework.

As a consequence of the stable splitting of the classifying space of
a finite group into its g-completed components, where ¢ runs over all
primes, one easily obtains a new description of { BG, BK}. The result
is similar in spirit to Minami’s description of A(G)} for a compact
Lie group G in [12|. Indeed, when K is the trivial group one recovers
Minami’s result for finite G. This result is Theorem 3.4 in the text.

Theorem B. For a finite group G and a compact Lie group K, the
homomorphism « induces an isomorphism of Z-modules

P 4,(G. K), = {BG, BK}.
p

This description is much simpler than the I(G)-adic completion, but
it has the drawback that it is not obvious how to decompose an element
in {BG,BK} into p-completed parts in gp(G, K):.
taken up in Section 5 where we describe the map

~ o ~ A

A(G,K) — {BG,BK} — {(BG),,(BK))} — A,(G, K),
for every prime p. Loosely speaking, this map sends an element X
of A(G,K) to an element of gp(G, K);\ whose H-fixed point sets for
subgroups H < K x G agree with the H-fixed point sets of X if H is a
finite p-group, and are empty otherwise. (This description should not
be taken too literally as elements of A(G, K) and EP(G, K): are not
actual (K x G)-bundles and do not have fixed point sets. A precise
statement can be found in Section 5.) As a consequence we deduce the
following description of the kernel of a.

This matter is
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Theorem C. Let G be a finite group and K a compact Lie group.
(a) The kernel of the map

a: A(G,K) — {BG),BK}

consists of those virtual (G, K)-bundles [X — Y| whose fized-
point sets under the action of any finite p-subgroup P < K X G
satisfy
W(P\X"| = [W(P)\Y",
where W(P) = Ngxa(P)/P.
(b) The kernel of the map

a: A(G,K) — {BG, BK}

consists of those virtual (G, K)-bundles [X — Y] such that for
every prime q and every q-subgroup QQ < K x G, the Q-fired-
point sets satisfy

W(PN\XT] = [W(P)\Y"].

A more informative version of this theorem appears in the text as
Corollary 5.8 after some relevant concepts and notation have been in-
troduced. In particular, not all p-subgroups P need be considered, and
there is a justification why the quotients of the fixed-point sets appear-
ing are finite sets. Note also that when K is finite one does not need
to take the quotient by the W (P)-action (cf. Remark 5.9).

The Segal conjecture has been presented here in its weak form. There
is a stronger form of the conjecture, also due to Segal, describing higher
stable cohomotopy groups of classifying spaces of finite groups as a com-
pletion of certain equivariant stable cohomotopy groups, constructed
by Segal in [13|. The proofs of the Segal conjecture mentioned above
are in fact proofs of the stronger version. Indeed, Carlsson’s induc-
tive argument would not have been possible without the presence of
higher homotopy groups. The Lewis-May-McClure generalization of
the conjecture also extends the stronger version of the Segal conjec-
ture to describe spectra of stable maps between classifying spaces. We
refer the reader to [8] for this description. This raises an obvious, in-
teresting question. Namely, whether the results in this paper can be
extended to also describe higher homotopy groups of spectra of stable
maps between p-completed classifying spaces.

This paper is divided into four sections. In Section 1 we discuss
some background material necessary for the main discussion. In Sec-
tion 2 we introduce subconjugacy, which gives a convenient filtration of
Burnside modules. In Section 3 we state and prove the new variants of
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the Segal conjecture for p-completed classifying spaces. Finally, in Sec-
tion 5 we discuss how to decompose a stable map into its p-completed
components and describe the kernel of the I(G)-adic completion map.

1. PRELIMINARIES

In this section we discuss background material which will be needed
in later sections. We begin by giving an overview of notation and
conventions which will be used throughout this paper.

Unless otherwise specified, p is a fixed prime and all cohomology
is taken with IF,-coefficients. For a space or spectrum X, we let XpA
denote the Bousfield-Kan p-completion [6], and for a Z-module M, we
let M}ﬁ\ denote the p-adic completion of M. Since we only consider
finitely generated modules in this paper are finitely generated, we have
M = M ® Z,, where Z are the p-adic integers.

For a space X, let X, denote the pointed space obtained by
adding a disjoint basepoint to X. We use the shorthand nota-
tion XX :=>X>X, and recall that there is a natural equivalence
YPX ~Y*X VS, where S denotes the sphere spectrum. All stable
homotopy will take place in the homotopy category of spectra, which
we denote by Spectra.

Let Gr denote the category of finite groups. We will use ¢ to denote
a subgroup inclusion H — G, specifying the supergroup G when there
is danger of confusion. Conjugations will come up frequently. For a
group element g € G we let ¢, denote the conjugation isomorphism
x +— gxg~'. For a subgroup H < G, we let H denote c,(H), and HY
denote ;' (H).

We use the shorthand notations B:=X>*B(—) and
B,:=XP(B(—)), regarded as functors Gr — Spectra. Since
¥ (BGy) ~ (ZOOBG)Q for a finite group G, we will write BG)
without danger of confusion. We denote by BGr the category whose
objects are the finite groups and whose morphisms are homotopy
classes of stable maps between classifying spaces,

MOI‘BGY (Gl, Gg) = {BGl, BGQ}

Similarly we let EGT;\ be the category with the same objects, but whose
morphisms are homotopy classes of stable maps between p-completed
classifying spaces.

MOYIBGTQ (G1,G2) = {(BGI);\v (302)2}“
1.1. Bousfield-Kan p-completion of BG. In this section we list the

basic properties of Bousfield-Kan completion of spectra at a prime. We
recall how the suspension spectrum of the classifying space of a finite
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group decomposes as a wedge sum of its p-completions as p runs over
all primes and see that this splitting is natural.

Bousfield-Kan completion at a prime p is an endofunctor (—)Q de-
fined on either the category of spaces or spectra, depending on the con-
text. In either case its defining property is that for a map f: X — Y,
the p-completed map f;': X' — Y is a weak homotopy equivalence if
and only if f induces an isomorphism in homology with [, coefficients.

The p-completion functor comes with a natural transformation
np: Id = (—);\. We say that a space or spectrum X is p-complete if
the map 7,: X — XZ/)\ is a weak equivalence. We say that X is p-good
if X' is p-complete. Classifying spaces of finite groups and their sus-
pension spectra are p-good. Classifying spaces of finite p-groups and
their suspension spectra are p-complete.

As noted earlier, we have (EOOBG)I/)\ ~ ¥>°(BG)) for a finite group
G, and so we can denote both of these by IB%G;\ without danger of
confusion. However, p-completion does not commute with suspension
in general, as we have

Y¥((BGL))) ~ 5%(BG))+ ~ SV X¥BG)
while
(S*BG,), ~S) VE*BG).
This difference is one of the underlying reasons for the basepoint issues
one has to circumvent in the formulation of the p-completed Segal
conjectures.
When G is a finite group, BG is a torsion spectrum, so by Sullivan’s

arithmetic square the natural maps n,: BG — IB%GQ induce a natural
homotopy equivalence

h = \/nq: BG — \/IB%GQ,
q q

where the wedge sum runs over all primes q. We obtain a natural
inclusion of BGQ as a wedge summand of BG, defined as the composite

1 BG) — \/BG) ' BG.
q

with left homotopy inverse ,.

Lemma 1.1. For a finite group G and a compact Lie group K, the p-
completion functor sends f € {BG,BK} ton,o fou, € {BG,,BK}.

Proof. By naturality of 7, we have f/'on, = n,o f, from which it follows
that f)' ~ from, 01, =mn,0 fou,. O
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Bousfield-Kan p-completion can also be thought of as Bousfield local-
ization with respect to the homology theory H,(—,F,). Bousfield local-
ization is discussed in [5]. Taking this point of view, one of Bousfield’s
results in [5] is that when X is a connective spectrum, the p-completion
of X is homotopy equivalent to the function spectrum F(S™1Z/p>, X),
where S™'7Z/p™ is the desuspension of the Moore spectrum SZ/p>,
with Z/p> = Z[1/p|/Z.

Lemma 1.2. Let X and Y be spectra such that Y and F(X,Y) are
both connective. Then there is a natural homotopy equivalence

Ad: F(X,)Y,)) — F(X,Y))
Proof. The map is just the adjunction
F(X, F(S'Z/p™,Y)) = F(S™'Z/p™, F(X.Y)).
O

In this paper we study stable maps from the classifying space of a
finite group to the classifying space of a compact Lie group. These
exhibit very unusual behaviour under p-completion as seen in the fol-
lowing lemma.

Lemma 1.3. For a finite group G and a compact Lie group K the
maps in the sequence below are all homotopy equivalences.

F(BG),BK) ™= F(BG),BK)) —2. F(BG,BK)) ~% F(BG,BK),

In particular they induce isomorphisms of groups of homotopy classes
of maps.

Proof. We obtain the homotopy equivalence Ad because BK is con-
nective by construction as a suspension spectrum, and F(BG,BK) is
connective by [8]. The map — o, is a homotopy equivalence since the
cofibre of n, is H,(—,F,)-acyclic ([5]).

The map 7, o — factors as the composition

F(BG),BK) > F(BG),BK)’ 2 F(BGL, BK))
Let S be a Sylow subgroup of GG. As explained in the next subsection,
the spectrum F(]B%G;)\,IB%K) is a retract of the spectrum F(BS, BK),
which is p-complete and connective by [8]. Hence F(BG,,BK) is
p-complete and connective, and so the two maps in the factorization
are both homotopy equivalences. O
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When working with “pointed” classifying spectra one similarly has a
sequence of homotopy equivalences

F((BLG)), (BLK)N) =™ F(BLG, (BiK))) =% F(B,G,BLK)).

The function spectrum F((IB%+G);\, B, K) is no longer homotopy equi-
valent because it contains an uncompleted wedge summand F (SQ,S)
(but p-completing this summand makes it homotopy equivalent).

1.2. Transfers. Recall (see for example [1]) that a subgroup inclusion
H — @, has a transfer map

tT‘Hi B+G E— B+H

such that the composition B¢y otry acts as multiplication by [G : H|
in singular cohomology (with any coefficients). We will for the most
part prefer to work with the reduced transfer map BG — BH, which
we also denote by try to reduce notation. The composition Be o try
involving the reduced transfer also acts as multiplication by [G : H] in
singular cohomology.

When S is a Sylow subgroup of G, the index [G : S] is a unit in F,,
and therefore Big o trg induces an isomorphism on H*(BG) = H*(BG).
After p-completion, Big o trg consequently becomes a homotopy equi-
valence

BG) % BS - BGY
and so the p-completions of Big and trg make IB%GIA) a wedge summand
of IB%SQ ~ BS.

When H is a subgroup of G, we will often denote the p-completed
transfer (tTH);\ by tryg. Similarly, when ¢: H — G is a group homo-
morphism, we will often denote the p-completed map (BSO)Q by Be.
This is done to reduce notation. As we always distinguish clearly be-
tween IB%GQ and BG (except when S is a p-group and the spectra are
homotopy equivalent anyway), this should not cause any confusion.

1.3. Linear Categories. For a ring R, an R-linear category is a cat-
egory in which the morphism sets are R-modules and composition is
bilinear. It is perhaps more common to refer to Z-linear categories as
pre-additive categories, but we use different terminology to emphasize
the role of the ground ring R. We say that a functor /': C — D is a
functor of R-linear categories if the categories C and D are R-linear
and for every pair of objects ¢, ¢ € C the map

F: More¢ (¢, ) — Morp (F(c), F(c))
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is a morphism of R-modules. An isomorphism of R-linear categories
is a functor of R-linear categories that is also an isomorphism of cate-
gories.

Example 1.4. If R is a ring, then we can regard R as an R-linear
category with one object op such that

Mor (og,og) = R.
We will sometimes take this point of view for the rings Z and Z:Q.

1.4. The Burnside category. For a finite group G and a compact Lie
group K, let Mor(G, K) be the set of isomorphism classes of principal
(G, K)-bundles over finite G-sets. A (G, K)-bundle here means a K-
bundle in the category of G-spaces, and principality means that the
K-action is free. When K is finite these are just K-free, finite (K x G)-
sets. The set Mor(G, K) is an abelian monoid under the disjoint union
operation and so we can consider its Grothendieck group completion
which we call the Burnside module of G and K, and denote by A(G, K).
The Burnside modules are abelian groups, and hence Z-modules, by
construction. Their module structure is well understood and will be
described below after a preliminary definition.

Definition 1.5. Let G be a finite group and K a compact Lie group.
A (G, K)-pair is a pair (H,p) consisting of a subgroup H € G and
a homomorphism ¢: H — K. We say two (G, K)-pairs (H,¢) and
(H',¢') are (G, K)-conjugate if there exist elements g € G and k € K
such that c,(H) = H' and the following diagram commutes:

H %

H —2 K.
Let C(G, K) denote the set of conjugacy classes of (G, K)-pairs.

When there is no danger of confusion we say conjugacy instead of
(G, K)-conjugacy. We denote the conjugacy class of a (G, K)-pair
(H, ) by [H, )&, or just [H, ] when there is no danger of confusion.

Lemma 1.6. For a finite group G and a compact Lie group K, the
number of conjugacy classes of (G, K)-pairs is finite.

Proof. One proves this easily using the folklore result (see for example
|9, Theorem 2.3 (1)] for a proof) that for any finite group F' there are
only finitely many conjugacy classes of subgroups of K isomorphic to
F. O
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A (G, K)-pair (H, ) gives rise to a principal (G, K)-bundle
(K x G)/AY, — G/H,

where
A =A{(p(h),h) [he H} < K x G (1)
is the (transposed) graph of ¢: H — K. Two (G, K)-pairs give rise to
isomorphic (G, K)-bundles if and only if they are conjugate.
The ring U(K x G) of finite (K x G)-complexes is introduced in [14]
where a basis over Z is also described. One can identify A(G, K') with
the submodule of U(G x K) generated by those (K x G)-complexes

whose isotropy groups are of the form AY,. This leads to the following
description of A(G, K).

Proposition 1.7. [14| For a finite group G and a compact Lie group
K, the Burnside module A(G, K) is a finitely generated, free Z-module
with one basis element for each conjugacy class of (G, K)-pairs.

Proof. The ring U(K x @) is free as a Z-module with one basis ele-
ment for every conjugacy class of subgroups of K x G. The Burnside
module A(G, K) can be identified with the submodule generated by
the subgroups of the form AY; where (H,¢) is a (G, K)-pair. O

By a slight abuse of notation we also denote the basis element corre-
sponding to a (G, K)-pair (H, ) by [H, ¢]& (or [H, ¢]). For each basis
element [H, ] we define a morphism

ClH,p] A(G, K) — 7

by letting ¢, (X) be the coefficient at [H, o] in the basis decomposi-
tion of X. In other words we demand that
X = Z C[H,cp}(X) - [H, ¢]
[H,¢]
for all X € A(G, K). When appropriate, we will also let ¢y, denote
the analogous homomorphism A(G, K);\ — 7).
The Burnside modules form the morphism sets of a certain linear cat-
egory as described below. For finite groups G; and Go, and a compact
Lie group K, there is a pairing

Mor(Gse, K) x Mor(Gs, G1) — Mor(Gy, K),

given by
(X,)Y) — Go\(X xY),
where G5 acts by the diagonal. This extends to a bilinear pairing

A(GQ,K) X A(Gl,Gg) — A(Gl,K),
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suggestively denoted by
(X,)Y)— XoY.

This pairing can be described on basis elements by the double coset
formula

[H3, 2] o [H1, 1] = Z [ (o1 (HL) N H3) yp2 0,0 1]
IEHQ\GQ/Lpl(Hl)
It is easy to see that this composition pairing satisfies the associa-
tivity law and therefore we can make the following definition.

Definition 1.8. The Burnside category is the Z-linear category AGr
whose objects are the finite groups and whose morphism sets are the
Burnside modules,

Moragr (G1,Ge) = A(G1, G3),

where composition is given by the pairing described above.

Stmilarly, the p-completed Burnside category s the Z}/?\-linear cat-
eqgory AGrQ whose objects are the finite groups and whose morphism
sets are the p-completed Burnside modules,

MOTAGrg (G1, G2) = A(Gh, G2)£-

Since we are focusing on p-local properties it will suit us, for a finite
group G and a compact Lie group K, to study the submodule A,(G, K)
of the Burnside module A(G, K) obtained by considering only (G, K)-
bundles whose isotropy groups are all p-groups. Alternatively, this is
the submodule generated by those basis elements [P, |, where P is
a p-group. By the double coset formula, we see that these modules
are preserved by the composition pairing as described in the following
lemma.

Lemma 1.9. For finite groups G1 and Gy, and a compact Lie group
K, we have

A(GQ, K) o Ap(Gl, GQ) - Ap(Gl, K)
In particular
Ap<G2, K) o Ap(Gl, GQ) C Ap(Gl, K)
Therefore we can make the following definition.

Definition 1.10. The p-isotropy Burnside category is the Z-linear
category A,Gr whose objects are the finite groups and whose morphism
sets are the p-Burnside modules,

Mory, 6 (G1,G2) = Apy(G1, Ga).
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Similarly, the p-completed p-Burnside category is the Zg-lz'near cat-
egory ApGr;\ whose objects are the finite groups and whose morphism
sets are the p-completed p-Burnside modules,

MOT’ApGrQ (Gh Gz) = Ap(Gh Gz);\.

We conclude this discussion by introducing an augmentation for the
Burnside category. This will prove very useful for understanding the
filtration of Burnside modules introduced in Section 2.

Definition 1.11. For a finite group G and a compact Lie group K,
the orbit augmentation of A(G, K) is the homomorphism
e: A(G,K) — Z
obtained as the group completion of the monoid morphism
Mor(G,K) — Z, X — |K\X].
The orbit augmentation of A(G, K);\ is the homomorphism
€: A(G,K)Q — Zy
obtained upon p-completion.
When K is finite we have e(X) = | X|/| K|, since X is K-free. Note

also that
e([H, ¢]) = |G|/ H|
for a (G, K)-pair (H, ¢). One easily checks that the orbit aumentations

send the composition pairing to multiplication, and consequently we
obtain a Z-linear functor

e: AGr — Z
and a Z/-linear functor
€: AGrﬁ — ZQ.

We refer to these as the orbit augmentation functors of the respective
Burnside categories.
1.5. The Segal conjecture. For a finite group G and a compact Lie
group K, there is a homomorphism of Z-modules

(0N A(G, K) e {BG+7 BK+}
sending a basis element [H, | to the stable map B, ¢ o try. This as-
signment is functorial for G and finite K, and so we get a functor of

Z-linear categories
a: AGr — BGr,

which is the identity on objects.
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For a finite group G and a compact Lie group K, we have an obvious

bilinear map

A(G,1) x A(G,K) — A(G, K),
where 1 denotes the trivial group, extending the map sending a G-set
X and a (G, K)-bundle Y to the (G, K)-bundle X x Y, where G acts
via the diagonal and K acts only on the second coordinate.

When K =1, this gives a ring structure on A(G) = A(G, 1), and
the resulting ring is called the Burnside ring of GG. This can also be
described as the Grothendieck group of isomorphism classes of left G-
sets. For general compact Lie groups K, the Burnside module A(G, K)
becomes a module over A(G) under the action described above.

The orbit augmentation functor € induces a Z-algebra augmentation

e: A(G) — Z,

which extends the “counting map” sending a G-set X to its cardinality
|X|. We denote the augmentation ideal by I(G).

The Segal conjecture states that for finite group G, the homo-
morphism A(G) — 7%(BG.), which we describe as the composite

A(G) = A(G,1) = {BG,,B1.} = 7%(BG,),

is a completion with respect to the ideal I(G). Lewis-May-McClure
showed in [8] that an extended version of the conjecture, describing
the homotopy classes of stable maps between classifying spaces of finite
groups, follows from the original version. In a further generalization,
May-Snaith-Zelewski showed in [11] that one can allow the target group
to be a compact Lie group. Since the Segal conjecture was proved by
Carlsson in [7], we can state these extensions as a theorem.

Theorem 1.12 (Segal Conjecture |7, 8, 11]). For a finite groups G
and a compact Lie group K, the map

a: A(G,K) — {BG,,BK .}
induces an isomorphism
ey A(G, K)jg) — {BGy, BK },
where
k
denotes the 1(G)-completion of A(G, K).

This is a magnificent result, but in general the /(G)-adic completions
are difficult to calculate. However, when the groups involved are p-
groups, the situation is simplified. For a finite group G and a compact
Lie group K, let A(G, K) be the module obtained from A(G, K) by
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quotienting out all basis elements of the form [H, ct], where ct is the

constant homomorphism. May-McClure noticed in [10] that when G
is a p-group, the I(G)-adic topology on A(G, K) is equivalent to the

p-adic topology on A(G, K). (This is not true on A(G, K').) The result
is the following version of the Segal conjecture.

Theorem 1.13 (Segal Conjecture |7, 8, 10, 11]). Let S be a finite
p-group and K be a compact Lie group. Then the map

(0N A(S, K) — {BS+7BK+}

induces an isomorphism
an: A(S,K), — {BS,BKY}.

An explanation of the target of this isomorphism is in order. Recall
that Y*BK ~ ¥*BK V S. Now, the submodule of {BS,, BK} gen-
erated by the maps «([P, ct]), where ct is the constant homomorphism
P — K, consists of the maps that factor through the S-term of X* BK.
Therefore it is appropriate to replace {BS,, BK |} with

{BS7BK} = {BS—HBK-I-}/{BS-HSO}
when passing from A(S, K) to A(S, K) to obtain the homomorphism

a: E(S, K) — {BS, BK}. The homomorphism &) is the p-completion
of a.

Since a and « preserve composition when restricted to finite groups,
both versions of the Segal conjecture described in this section can be
formulated in terms of isomorphisms of linear categories. However, we

refrain from doing so.

1.6. Restrictions and transfers. Let G be a finite group and K be
a compact Lie group. If S is a subgroup of G, we can regard a (S, K)-
pair as a (G, K)-pair, or restrict a (K x G)-bundle to a (K x .S)-bundle.
This gives us a way to traverse between A(S, K) and A(G, K), which
will be useful later when we take S to be a Sylow subgroup. In this
section we briefly describe these operations and interpret them in terms
of stable maps.

Given a (S, K)-pair (H, ), we can regard H as a subgroup of G to get
a (G, K)-pair (H, ). This assignment extends to a homomorphism

¢: A(S,K) — A(G, K).
It is easy to check that
[H, & = [H, ¢l o [S,id]¢
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using the double coset formula. Furthermore, [S,id]2 corresponds to

[G]2,, the isomorphism class of G, regarded as a (S x G)-set under the

action (s,g).x = grs™'.

The homomorphism « sends [S,id]2 to the transfer map
trs: B, G — B,.S. Thus we get an induced homomorphism

O {BS+, BK+} — {BG+,BK+}, f — f o tTS.

Note that a commutes with ® by construction.
A (G, K)-bundle X, can be regarded as a (S, K)-bundle X|g k) via
restriction. This induces a homomorphism

I'' A(G,K) — A(S,K).
It is easy to see that
[Xls.00] = [X] 0 [GIS,
where [X] denotes the isomorphism class of X, and [G]§ is the
isomorphism class of G regarded as a (G x S)-set via the action
(9,8).x = gws™'. Since [G]§ corresponds to [S,:]§ in A(S,G) we see
that I' is given by

[X] = [X] 0[S, 4.
Applying o we get an induced homomorphism of stable maps

I': {BG.,BK,} —{BS. ,BK,}, f— foB.us.

Note that « also commutes with I' by construction.
To accommodate the basepoint issue we need to consider the reduced
operations ® and I' that fit into the diagrams

A(S, K) -2 A(G, K) —= A(S, K)
A(S, K) —2- A(G, K) —— A(S, K)
and

{BS.,BK.} —"~{BG.,BK.} —~{BS, BK.}

{BS,i;K} ¢ {BG%};K} L {BS,%;K},

where the vertical arrows are the obvious projection maps. The reduced
operations ® and I' commute with a.
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Since we are working p-locally we need to consider the p-completed
operations

o) {BS),BK} — {BG),BK}, f+ fol(trs))
and N

I {BG),BK} — {BS),BK}, f+— fo(Bus)..
These fit into the commutative diagram

~ 3 ~ F ~

A(S, K) A(G, K) A(S, K)

* * ~ * -~
leoa inoa leoa
A TA

3 )
{BS), BK} —~ {BG), BK} —~ {BS), BK},

where the vertical maps are the functor a followed by precomposition
with ¢, the natural inclusion of wedge summands described in Section
1.1. The naturality of ¢, ensures the commutativity of the diagram and
in fact this is the reason why ¢, was introduced so carefully.
Notice that
(GE] o [GS] =[G,

where [(G)3] denotes the isomorphism class of G regarded as a (S x S)-
set via the action (s1, 83).z = s;25,'. Therefore the composite

Fod: A(S,K) — A(S,K).
is given by
Fod(X)=Xo [G]g
This operation will be studied in Section 2.
We also consider the opposite composite

ol A(G,K) — A(G,K).
Its corresponding operation on stable maps is given by
Dol (f)=foByigotrs.
The interesting case is when S is a Sylow p-subgroup of G. Then
BS ~ IB%SQ and the composite Big o trg is a homotopy equivalence after

p-completion. Therefore 52 o f}/} is an automorphism of {BG;\, (BK)}
which factors through {BS, BK'}. We conclude that {BG), BK} is a
direct summand of {BS, BK} isomorphic to

"o &) ({BS, BK}) = &) <7r (A(S, K)o [G]ﬁ)) .

This observation gives us a strategy to prove Theorem A. Over the next
two sections we show that A(S, K)IA, o [G]2 is isomorphic to A,(G, K)Q
in a way that is compatible with a,.
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2. SUBCONJUGACY

From now on, fix a finite group G with Sylow p-subgroup S and a
compact Lie group K. In this section we find an explicit basis for the
submodule

A A
A(S, K), o [G] € A(S, K),,,
where [G] € A(S, S);\ is the isomorphism class of G regarded as a

(S x S)-set under the action (s1,sy).7 = syxs;". From this basis it
is easy to obtain a basis for { BG), BK} and prove Theorem A.

The main tool we will use is a filtration induced by the following
preorder on conjugacy classes of (S, K)-pairs.

Definition 2.1. Let (P,¢) and (Q,v) be two (S, K)-pairs. We say
that (Q,1) is subconjugate to (P, ), and write

(@ ¥) 3 (Pyo),

if there exist elements g € G and k € K such that the following diagram
commutes

Q —— ¥(Q)

J s
p 2 o(P).

It is clear that subconjugacy is preserved by (S, K)-conjugacy and
therefore we can pass to conjugacy classes.

Definition 2.2. We say that a (S, K)-conjugacy class of pairs [Q, ]
is subcongjugate to an (S, K)-conjugacy class [P, ¢| and write

Q] 2 [P ¢

iof the subconjugacy relation

(@ ¢) 2 (Pyp)

holds between any (and hence all) representatives of the classes.

It is also clear that subconjugacy is a transitive relation and so in-
duces an equivalence relation as described in the following definition.

Definition 2.3. We say that [Q, ] is (G, K)-conjugate to [P, ], and
write

Q4] ~ [P, ],
if [Q,¢] 3 [P¢] and [Po] Z(Q,¢]. We say that [Q,1)] is strictly
subconjugate to [P, |, and write

Q. 4] 3 [Pl
if [Q, ] is subconjugate to [P, ], but not (G, K)-conjugate to [P, ¢).
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Let I denote the set of (G, K)-conjugacy classes of (S, K)-pairs. This
is a poset under subconjugacy and we proceed to construct an /-indexed
filtration of A(S, K);.

Definition 2.4. For an (S, K)-pair (P, ), let M (3 [P, ¢]) denote the
submodule of A(S, K)z/)\ generated by the basis elements [Q, ] such that

Q0] 2 (P ),

and let M (3 [P, ¢]) denote the submodule generated by the basis ele-
ments [Q, ] such that

@, ¢] 3 (P p).

We will show that this filtration is preserved by composition with
[G]. First note that by the double coset formula one has

Gl = > 8NS5l
zeS\G/S

This prompts us to make a formalization.

Definition 2.5. Let R be the submodule of A(S, S); generated by the
basis elements [P, ], where the homomorphism ¢: P — S is induced
by conjugation by an element in G.

Clearly [G] € R. Using the double coset formula, one easily sees that
R isin fact a subring of A(SS, S);\ The next lemma shows that the mod-
ules M (3 [P, ¢]) and M (3 [P, ¢]) defined above are right R-modules.
They are in fact also left R-modules but this is not needed.

Lemma 2.6. The following hold for every (S, K)-pair (P, ¢):
(a) M(Z[Pg])o RS M(Z [P ¢)),

~

(b) M(Z [P ¢])o RC M (Z[Py]).

Proof. We begin by proving part (a). It suffices to show that for every
basis element [Q,¢] 2 [P, ¢] of M (2 [P,¢]) and every basis element

~

[T, ¢y] of R, one has
(@, ¢] o [T ¢l € M(Z[P,g]).
By the double coset formula we can write
[Qv@ﬂ o [Tv Cg] = Z [Tﬂng7’¢OC$OCQ]
xeQ\S/T
so it suffices to note that
[TQOngocxocg] :5 [ij] ;\</ [P,QO]

for every x € S.



A SEGAL CONJECTURE FOR p-COMPLETED CLASSIFYING SPACES 19

The same argument proves part (b), for if we assume that [Q, )] is
strictly subconjugate to [P, ] at the beginning, we get

[TNQR™,¢oc,0c] QY] Z [Pyl
at the end. OJ

In particular this lemma shows that the operation
Pod = (=)o [G]: AS, K)} — A(S, K),
introduced in Section 1.6 preserves the subconjugacy filtration.
Lemma 2.7. If the basis elements [P, ] and [Q,1] of A(S,K) are
(G, K)-conjugate, then
Lo ®([P,¢]) =T o @([Q, ).
Proof. Clearly (P,¢) and (Q,%) are also (G, K)-conjugate when re-
garded as (G, K)-pairs, so, using the notation of Section 1.6,

@ ([P, ¢]) = @ (@, ¢]) -
Consequently

T(@ ([P, ¢]) =T (2 (1Q,¥])) -
O

Proposition 2.8. Pick a representative [Py, ;] for each i € I. The
collection

C={To®([F,])|tel}

forms a Z:)-basis for T o ®(A(S, K)p).

Proof. By Lemma 2.7 it is clear that C' spans I' o ®(A(S, K)Q), so it
suffices to prove linear independence.

For a (S, K)-pair (P, ¢) we have
Lo ®([P,¢]) = [P, ¢l o [G] € M (Z [P, ¢])
by Lemma 2.6. But note that
e(M(Z[P.o]) =e([P,¢]) - Z;)

and
e(M(Z[P.o)) =p-e(lP.o]) - Zy.
Since
(o ([P, ¢])) = e([P, ¢] o [G]) = ([P, ]) - €([G])
and p does not divide €([|G]) = |G|/|S|, we deduce that

Lo ®([P¢]) € M (Z[Pe]) \ M (Z [P y]). (2)
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Now, let ¢; € Z) for each i € I and assume that
> e (Lod([Pql) =0, (3)
icl
Put
III{ZEIlCz#O}
If I’ is nonempty, then let j be a maximal element of I’ regarded
as a poset under subconjugacy. By (2) there is a (.5, K)-pair

(Q,v) ~ (Pj,¢;) such that

(G,K)
¢ (I' o ([P, ¢5])) # 0.

On the other hand, for i € I"\ {j}, the maximality of j implies that
(@, ] is not subconjugate to (P, ¢;). Hence

cu (M (Z [Pipi])) =0
and in particular
ciqu) (T o ®([B;, ¢i])) = 0.

Now we get
Q) (Z ci - (Do ®([F;, %]))) =) i cigu (T o @([P 1))
el i€l
= . To®([P. v
> L ceu (To 2P i)
i€e\I' —g
+ Y ccgu (To (P, pl)
i€r\{j} ~
+ ¢ cu (Do ®([F, ¢i]))
~— -~
#0 £0
# 0,

contradicting (3). Therefore I’ must be empty and we conclude that

the collection is linearly independent.
O

3. p-COMPLETED SEGAL CONJECTURES

In this section we state and prove the new variants of the Segal
conjecture promised in the introduction. We begin by describing the
group of homotopy classes of stable maps from the p-completed clas-
sifying space of a finite group to the classifying space of a compact
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Lie group. The map (o &p);\ in the statement of the theorem is the
algebraic p-completion of the composite

-~ —Olp

A(G, K) 2% {BG, BK} = {BG), BK},

where ¢,: IB%G;\ — BG is the natural wedge-summand inclusion dis-
cussed in Section 1.1. Note that the target {BGQ, BK} is p-complete
because it is a direct summand of {BS, BK} which is p-complete by
the Segal Conjecture.

Theorem 3.1. For a finite group G and a compact Lie group K, the
map
~ -~ A
(L;; o ap);\: A, (G, K)p — {BGQ, BK}
s an tsomorphism of Zg-modules, natural in G and finite K.

Proof. Let S be a Sylow subgroup of G, and let I be the set of (G, K)-
conjugacy classes of (S, K)-pairs. For each ¢ € I, pick a representative
(P;, i) and consider the submodule M; C A(S, K)Q generated by the
collection {[P;, ;] | i € I'}. Since every p-subgroup of G is conjugate to
a subgroup of S, the homomorphism ®: A(S, K) — A(G, K) described
in Section 1.6 induces an isomorphism

O - My — Ay (G, K)).

Letting M; denote the image of M; in A(S, K), this descends to an
isomorphism

A
p
&) M; = A,(GLK), .
Proposition 2.8 implies that there is an isomorphism
B o §0: 0T = T 0 82(0T)
and that o L N
FQ o CI)IA)(MI) = FQ o @;\(A(S, K)p).
By the Segal conjecture, and the commutativity of o with fﬁ and &)g,
there is an isomorphism
~ = = e A = - £
alj: FQ o (ID;\(A(S, K),) — FQ od({BS,BK})
Since the composition Beg o trg is a homotopy self-equivalence of IEBG;\,

the homomorphisms EISQ and fﬁ induce an automorphism
(IDQ o FQ: {BGQ, BK} — {BG;, BK}.
We conclude that (TD;,\ is a surjection, so

{BG),BK} = @) ({BS, BK}),
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and that flﬁ is an injection. Hence there is an isomorphism
I‘;\: {BG;\, BK} — FQ o @2 ({BS,BK}).

Now we have a commutative diagram

My 25T 0 d(My) —=T o ®(A(S, K),) =T 0 ®({BS, BK})
-l
o T =
~ (L;Oap);\
A)(G.K), {BG), BEK},

where we have written ® and I' instead of 5;\ and fz/a\ Concentrating
first on the left side of this diagram, we see that since ® and I' o ¢ are
both isomorphisms, I' must be an isomorphism. Turning our attention
to the right side of the diagram, we see that the bottom arrow forms
the bottom part of a rectangular commutative diagram where all the
other arrows are isomorphism. Hence the bottom arrow is itself an
isomorphism. l

Using Lemma 1.6 we obtain an immediate reformulation.

Corollary 3.2. For a finite group G and a compact Lie group K, the
map

@)y 4G, K), — {BG, BKY) ~ {(BG)). (BK))},
is an isomorphism of Zg—module& natural in G and finite K.
The naturality property in Corollary 3.2 can also be stated as follows.
Corollary 3.3. The functor
(@), A,Gr)y — BGr))
s an tsomorphism of Z;\-lz‘near categories.

Finally we can collect our results for different primes p and prove
Theorem B of the introduction.

Theorem 3.4. For a finite group G and a compact Lie group K, the
map

D (oa,) @A G, K) —>EB{BG ,BK} = {BG, BK},

where the sums run over all primes q, is an isomorphism of Z-modules,
natural in G and finite K.
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Proof. The stable splitting BG ~ \/q IB%GQ induces a splitting
{BG,BK} = (P{BG,, BK}.
q

The result now follows from Theorem 3.1. O

One can also restrict this theorem to finite groups and formulate a
corollary about an isomorphism of Z-linear categories, but we refrain
from doing so.

4. ALTERNATIVE FORMULATIONS

The basepoint issue mentioned before in this paper is more a tech-
nical nuisance for formulating statements than an actual problem in
proving them. The main issue with the added basepoint is that for a
finite group G, the suspension spectrum of the p-completion of BG is
ZOO((BGJF)Q) ~ BG, VS, which is not p-complete as S is not p-complete.
Consequently, for a compact Lie group K, the module {(BGQ;\, BK.}
need not be p-complete as maps factoring through the sphere spectrum
can contribute a non-completed part.

In this paper we have so far opted to remove the offending sphere
spectrum, at the cost of disregarding maps factoring through the sphere
spectrum, which results in introducing the aesthetically unpleasant
quotients of double Burnside modules. However, there are other ways
to smooth over the basepoint issue. In this section we consider two
alternative approaches. The first is to p-complete the added sphere
spectrum rather than to remove it, and thus force everything in sight
to be p-complete. The second approach is to deal separately with the
failure of {(BG+);\, BK .} to be p-complete, which turns out to be pre-
cisely one copy of Z corresponding to maps from one sphere spectrum
to the other.

For each approach we give the corresponding versions of of Theorem
1.12 and state the generalizations to p-completed classifying spaces
of finite groups. These generalizations are obtained using the same
filtration argument already presented and so the proofs are omitted.

4.1. p-completed suspension spectra. Instead of looking at the sus-
pension spectrum of the p-completion of BG, for a finite group G, we
can look at the p-completion of the suspension spectrum of BG .. Thus
we obtain the p-complete spectrum (IB%+G)2 ~ ]B%G;\ V' §). Taking this
approach for a finite p-group S and a compact Lie group K, the ap-
propriate version of Theorem 1.12 is that the map

042: A(S, K)Q = [(B+S);\> (B+K)£]
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is an isomorphism of Z)-modules. Using the same transfer and filtra-
tion arguments as in the proof of Theorem 3.1 we obtain the following
generalization.

Theorem 4.1. For a finite group G and a compact Lie group K, the
map

() Ap(G K)y — [(B1G),, (B4K),]

p

s an tsomorphism of Z;,\—modules

While this approach has the advantage of retaining more informa-
tion from the double Burnside module A,(G, K), it has the drawback
that the p-completed suspension spectra involved are rather contrived.
Furthermore, we obtain no analogue of Theorem 3.4 as B, G is not
a wedge sum of its completions (since the sphere spectrum is not a
torsion spectrum).

4.2. Precise approach. The statement of the Segal Conjecture for
stable maps from classifying spaces of p-groups presented in Theorem
1.12 is actually a simplified version of a more detailed result obtained
by May-McClure in [10].

For a finite group G with Sylow subgroup S and a compact Lie
group K, let I,(G,K) be the kernel of the map e: A,(G,K) — Z.
As a Z-module, I,(G, K) has basis {[P, ] — |S|/|P| - [S,ct]}. There
is a splitting A,(G,K) =Z & [,(G, K), where the Z term is gener-
ated by [9, ct]. Since I(G) - A(G, K) = I(G, K) this induces a splitting
Ap(G K) i) = 28 (G, K) )

May-McClure showed that for a finite p-group S, the I(S)-adic topol-
ogy on I(S, K) coincides with the p-adic topology. Therefore the Segal
Conjecture says that the map

(ap)?(S): yASS ](Sv K);;\ - {BS-hBK-i-}

is an isomorphism. Again, using the transfer and filtration arguments
from Sections 2 and 3, one can prove the following generalization.

Theorem 4.2. For a finite group G and a compact Lie group K, the
map
(ap)?(G) 1 Z® 1(G, K);,\ - {(BG-F);\? BK,}
s an isomorphism of Z-modules.
Collecting this result for different primes one can obtain an iso-
morphism of Z-modules.
Z& @ 1,(G, K)) — {BG,,BK.}.

p
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Unlike the isomorphism in 3.4 this isomorophism is not natural in G.

Taking K = 1 one recovers a special case of Minami’s description
of the I(G)-adic completion of the Burnside ring in [12] (he allows G
to be compact). It should be noted that even though one can regard
A(G, K) as a submodule of A(K x G) when K is finite, the results in
this paper do not follow from Minami’s results, as his result involves the
I(K x G)-adic completion whereas we are interested in the I(G)-adic
completion, and the two actions are hard to reconcile.

5. DECOMPOSITIONS
In this section we address the following question. Given a (G, K)-
~ A
pair (H, ), what is the element in Ap(G,K)p corresponding to the
p-completed stable map a([H,¢])? In other words, we describe the
homomorphism

~ (=))o&

Tt A(G, K) —"— {(BG),, (BK)"}

(@)=t ~ A
P A(G K )p.
For technical reasons it is more convenient to first describe the homo-
morphism

(7)2001
T A(G, K) —— [(B,G),, (B4 K),]

((ap)2) 1
Ay(G K.

and then interpret the results for homomorphism 7 obtained by remov-
ing the additional sphere spectrum.

Let 1, € A, (G, G)[A) be the pre-image of the identity of (BJFG);\ under
the isomorphism

()] 4y(G,G)) = [(BLG)), (B.G)y).
This immediately gives us a way to describe 7,, for if X € A(G, K)
then we can regard X o 1, as an element of A,(G, K)Q, and we have
(@), (X 01,) = a(X), o (), (1,) = a(X), o id = a(X),.
Therefore
(X)) =X o1,

We proceed to determine 1, using filtration methods similar to those
in Section 2. Since many details are similar, they are left to the reader.

Fix a Sylow subgroup S of G. Like in Section 2, we say that a
(G, G)-pair (F,1) is subconjugate to a (G,G)-pair (H,¢), and write
(F,v) 2 (H, ) if there exist elements gy, go € G making the following
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diagram commute

F —2 (F)

cgll lcgz
H —— ¢(H).
This time the induced equivalence relation is just (G, G)-conjugacy, and
so subconjugacy induces an order relation on (G, G)-conjugacy classes
of (G, G)-pairs.

For a basis element [P, ¢] of A,(G,G), let M (2 [P, ¢]) denote the
submodule of A,(G,G) generated by basis elements that are subcon-
jugate to [P, ], and similarly let M (3 [P, ¢]) denote the submodule
generated by strictly subconjugate basis elements. We make the fol-
lowing key observation, which is proved just like Proposition 2.8.

Lemma 5.1. For every (G, G)-pair (P, @), where P is a p-group,
[Pl o[S,us] € M(Z[Pe]) \ M (Z[P.y]) -

Let R denote the subring of A,(G,G) generated by basis elements
of the form [P, .p], where tp denotes the inclusion P < G. Note that
R =M (Z[S,t]). The above lemma allows us to prove the following.

Proposition 5.2. 1, € R.

Proof. Take a maximal [Q, 1] such that ¢ 4j(1,) # 0. By Lemma 5.1
we have

C[Q,TM([Q’ w] o [57 LS]) # 0

(otherwise [Q, 1] o [S, 5] € M (3 [Q,v])).

If [P,p] is a basis element different from [Q,v] such that
cip)(1p) # 0, then, by maximality, (@, ] is not subconjugate to [P, ¢
and hence ¢ 4 (X) = 0 for all X € M (Z [P, ¢]). In particular,

Q. ([Pl o [S,ts]) = 0.

Now we deduce that

clow) (1p 0[S, ts]) = ciguy | D cpei(1p) - [Prp] 0[S, 1]
[Pe]

- Z el (1p) - cigu ([Pl 0[S, ts])

[Pyl
= i@y (1p) - cQ.y) ([Q: ¥] 0[S, ts])
£0.



A SEGAL CONJECTURE FOR p-COMPLETED CLASSIFYING SPACES 27

On the other hand, we have 1,0 [S,tg] =[S, ts]. Therefore we must
have [Q,¢] =[S, ts]. We deduce that [S,tg] is the unique maximal
element such that c(g,4(1,) # 0, and hence 1, € M (3 [S,ts]) = R. O

Let n be the number of conjugacy classes of p-subgroups of G and
pick one representative P; for each conjugacy class, labelled from 1 to
n so that P, =5, and 7 > j if P; is conjugate to a subgroup of P,.
Since 1, € R, we can write

n

L, = Zaj ) [Pj7LPj]'

=0
For subgroups H and F of G, let Ng(F, H) denote the transporter
Ne(K, H) = {g € G| K" < H}.
Proposition 5.3. The multiplicative identity of A,(G, G)ZA) is given by

n

L, = Zaj ) [Pj7LPj]7

j=1
where the coefficients a; satisfy the equations
Z%-' a(Pi Byl _ n
2. )
fori=1,...,n.
Proof. In this proof we will denote all inclusions of groups by ¢. For
every ¢ we have 1, o [P;,¢] = [P;,]. In particular, ¢ip, j(1, o [P, ¢]) = 1.
By the double coset formula, we have

[Pdo [Py =Y [RNPcl
:EEPJ\G/PZ

It is easy to check that [P; N Pf,c,| = [P N P74, and

) 1 if*P < P,
([P0 Py 1)) :{ ’

0 otherwise.
Noting that “P; < P; if and only if x € Ng(P;, P;), we see that
¢ ([P, d] © [Py ]) = |P\Na(F;, F;)/

If v € No(P;, P;) and g € P, then there is a h € P; such that xzg = hz.
Therefore
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" IN6(P, P)
G\1li 4Ly

ctpi([Pyyi] o [Py dl) = =5 572

J

Now we get
1= C[Piyb](lp © [Rv L])

=)D a; - [Py, 1] o [Piy1])
=0
= Z aj - C[Pi,b]([Pjv Lo [P, 1))
j=1

_ N, Ne(B Byl
=>4 1P|
j=1 J

O
Remark 5.4. Since |Ng(P;, P;)| = 0 when ¢ < j, the equations in (4)
constitute a lower triangular matrix equation. The elements on the
diagonal are |Ng(P;)/P;| # 0, so the matrix is of maximal rank and
the equations suffice to determine 1, uniquely. We do not need to

prove that the equation is solvable (this could be an issue because the
elements on the diagonal need not be units in Z)) since we already

know that A,(G, G);\ has a multiplicative identity.

We now proceed to describe 7, in terms of fixed-point sets. For every
(G, K)-pair (H,), there is a homomorphism
Xt AG,K) — Z,

depending only on the conjugacy class of (H, ), which sends a (G, K)-
bundle X to

N (X) = X (W(AI\XAH ),
where x is the Euler characteristic, X Al is the fixed-point space, and
W(AR) = Nicxo(Ag) /A
Note that for a (G, K)-pair (H',v") we have
WAR\((K x G)/AR) = Niexo(Aj)\Nicxa( A, Afy) /A
and that N, a(AY)\Nkxa(AY, Aﬁ,) is finite, so we in fact have
Xy (X) = | W (A)\X 0

for a principal (G, K)-bundle X over a finite G-set.
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Let C,(G, K) be the set of conjugacy classes of (G, K)-pairs (P, )
where P is a p-group.

Proposition 5.5. [14| The homomorphism
Xp: AP(G7 K) - H Z7 X — H X[wa] (X)
Cp(G,K) Cp(G,K)
s an injection.

We will describe 7, in terms of this embedding. To this end we need
the following reformulation of a result of Benson—Feschbach.

Lemma 5.6. [4] For X € A(G,K), a (G, K)-pair (H,v) and a sub-
group F < G, we have

(X o [Fup)g) = DB ixy,

Xa ) 7] [H, 4]

In particular x, ,(X o [F, vr)&) = 0 if H is not subconjugate to F.

Proof. This follows from Proposition 3.1 in [4] (which is actually proved
in the case where K is finite and without taking the quotient by W (AY))
but the same argument works in this setting). U

Theorem 5.7. The homomorphism m, sends X € A(G,K) to the
unique element X, € A,(G, K);\ such that

Xp(Xp) = xp(X).

In other words, m, is the unigue homomorphism fitting into the com-
mutative diagram.

Tp

The homomorphism T, is the homomorphism obtained from m, by quo-
tienting out all trivial basis elements.
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Proof. For X € A(G, K) and a (G, K)-pair (Q,v) with ) a p-group

we have

X[Qﬂp] (WP(X)) = X[Q,¢](X o 11’)

= X (X 0[P 1p)])
7=0

J ,
~ |Pj] [@.v]
= Xia.n (X)),
where the last step follows from Proposition 5.3 since () is conjugate
to one of the groups P;. 0

Letting p run over all primes we obtain the following corollary, from
which Theorem C in the introduction follows.

Corollary 5.8. The kernel of the map
o A<G7 K) - {BG+7 BK—I—} = A(G7 K)?(G)

is the submodule consisting of elements X such that X[H,w](X) =0 for
all (G, K)-pairs [H, ] such that the order of H is a prime power.

Remark 5.9. If K is finite one may replace the morphism x , .~ with

the morphism sending X — |XA1§\ throughout this section and the
results still hold true.
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