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ABSTRACT. If {qn} is a lacunary sequence of integers, and if for each n, cn(x) 

and c-n(x) are trigonometric polynomials of degree n, then {Cn(X)} must tend 
to zero for almost every x whenever {cn(x)ei?nX + c-n(-x)e-i?'nX} does. 
We conjecture that a similar result ought to hold even when the sequence 

{f On} has much slower growth. However, there is a sequence of integers {nj } 
and trigonometric polynomials {Pj } such that feinj x - Pj (x)} tends to zero 
everywhere, even though the degree of Pj does not exceed nj - j for each 
j. The sequence of trigonometric polynomials { V sin2n x2 } tends to zero 
for almost every x, although explicit formulas are developed to show that the 
sequence of corresponding conjugate functions does not. Among trigonometric 
polynomials of degree n with largest Fourier coefficient equal to 1, the smallest 

one "at" x = 0 is 4n 2n - sin2n (x), while the smallest one "near" x = 0 is 
unknown. 

1. INTRODUCTION 

The Cantor-Lebesgue theorem asserts that if {cn} In', is a sequence of complex 
numbers satisfying the condition that 

(1) lim c einx + c-einn = 0 for almost all x, 

then limno Cn = limn -oo Cn = 0. (Actually, Lebesgue obtained the conclusion 
from a lighter hypothesis. See reference [AKR] for other sufficient hypotheses.) 

Here is a reformulation which is easily seen to be equivalent. There does not exist 
a subsequence of the positive integers nk } and a sequence of complex numbers {dk} 

such that 

(2) lim ei2nkX - dk = 0 for almost all x. 
k-aoo 

This says that in some sense the rapidly oscillating waves ei2nkX cannot be well 
approximated by constants. 
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Now let us assume that 

(3) lim cn(x)ei0TX + cn(-x)e-iTnX = 0 for almost all x. 

Our goal is to find conditions on {cn(x)}, {c-n(x)}, and {gOnq} that will force the 
conclusion that 

(4) lim Cn(X) = lim C-n(X) = 0 for almost all x. 
ne-4co ne-on 

We begin with two examples for which condition (3) holds while condition (4) 
does not: 

({Cn(X)} , {Cn(-X)} X, {}) = ({i} , {_e-2i2nx} , {2n}) and 
({Cn(X)} ,{C-n(-X)} I,{4n}) = ({n}, {-ne 2i2 x} I {2n}) . 

These examples show that some restrictions are necessary. Looking at the formula- 
tion given by condition (2) above makes it natural to demand that the "coefficients" 
{ Cn(x)} and {c-n(x)} oscillate more slowly than the "frequencies" {q5n. Such a 
condition would at least eliminate these two examples. However, the problem is a 
lot more delicate, as the following example shows. 

Example 1.1. A sequence of pure sinusoidal waves can be everywhere approx- 
imated by a corresponding sequence of lower (nonnegative) frequency trigono- 
metric polynomials. I. e., there is an increasing sequence of integers {nj} and 
trigonometric polynomials {Pj (x)} with deg Pj < nj - j such that for every real 
x, lim einiX-Pj (x) = O. 

3 --~00 

We thank Jean-Pierre Kahane and Charles Fefferman for the following proof. 

Proof. Identify the torus with the edge of the unit circle in the complex plane 
via the mapping x ? z = ex. For each positive integer j, decompose the torus 
into FJ {eiX : 0 < x < 1/J} and its complement Kj. The function z-j is 
continuous on Kj, the set Kj is compact and has no interior, and the complement 
of Kj = {z: jzj / 1} U Fj is connected, so by a theorem of Mergelyan ([R, page 

n?-2j 

390]), there is a polynomial Qj(x)) E Cjkeikx satisfying 
k=0 

sup IZ-i- Qj(x)I < -. 
xGKj 3 

Taking complex conjugates and then multiplying by $2i gives 

sup ein- S Cjke(nj--k)x < 

xEKj k=0 

Since U Kj = lim K) is the entire torus, it remains only to set 
j=1 j -400 

.nj -j 

P3(x) = 5 cJke'(nj -j-k)x for each -. El 
k=0 

Remark 1.1. Perhaps constructing Qj explicitly will show that nj does not have to 
increase very rapidly. If nj increases slowly enough, some instances of Conjecture 
1.2 below will be false. 
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In the other direction, we have the following positive result. 

Theorem 1.1. If {cn(x)} and {c-,(x)} are trigonometric polynomials of degree n 
and if 

lim cn(x)eionx + cn(-x)eenx - 0 for almost all x, 
ne-on 

where the sequence of integers {q5n} is lacunary , > ny > 1), then 

lim cn(X) = lim cn(X) = 0 for almost all x. 
ne-40o ne-*on 

This motivates the following conjecture. 

Conjecture 1.2. If {Cn(x)} and {c-n (x) } are trigonometric polynomials of degree 
n and if 

lim cn(x)eiOnX + c-n-x)ei<nX = 0 for almost all x, 
ne-*on 

where the integers {qin} satisfy liminfnO C > g > 1, then 

lim cn(x) = lim c-n(X)= 0 for almost all x. 
ne-40o neo-+0 

The proof of the theorem is entertaining, but sheds no light on the much more 
delicate conjecture. 

To further motivate the theorem and the conjecture, and in particular, the choice 
of the minus sign in the argument of c-n we will now summarize some results 
obtained elsewhere [AWa]. 

Sequences like those appearing in the hypothesis of the Cantor-Lebesgue the- 
orem appear naturally when considering differences of successive partial sums of 
a trigonometric series, while sequences like those appearing in the hypotheses of 
the theorem and the conjecture above appear naturally when considering simi- 
lar differences for subsequences of partial sums. We will make this explicit. Let 
{An(x)} := {cneinx + c-ne-inx}. An immediate corollary of the Cantor-Lebesgue 
theorem is the fact that if the sequence of partial sums {sn(x)}, where sn(x)- 

n 

E A, (x), of the trigonometric series 
v=l 

00 

(5) co + E An(X) 
n=1 

converges almost everywhere, then { IcnI + Ic-an} tends to 0 as n -* oc. Suppose 
instead that only the subsequence of partial sums {sn2_J(X)} converges almost 
everywhere. Theorem 10 of [AWa] essentially says that 

if the subsequence {sn2_1}of a trigonometric series 

(6) of power series type converges almost everywhere, 
then the coefficients must satisfy limsup Icn I < 1. 

lnl+oo 

However, from the a.e. convergence of { S2_1 (X)} it follows that 

s(n+1)2_1(x) Sn2-l(X) (,cv+n2e'V) e ? (c-v-n2e-) ein 
Z 
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tends to zero almost everywhere. If the conjecture holds with 42n = n 2, it will then 
follow that 

2n 2n 

lim cV+n2eivx = lim EC-v-n2e-ivx = 0 for almost every x. 
V=0 v=O 

It easily follows from this and the proof of Theorem 10 that statement (6) remains 
valid when the underlined words are omitted. The central question of this paper 
arose from the authors' efforts to strengthen Theorem 10 in a similar way. 

In sections 3 and 4 we study the very interesting sequence of functions 

(7) {v/Hsin2r x} 

In section 3 we find this neat formula for the conjugate functions: 

(v~sin 2n) 2n3/24 (-$j) sin2nj1) J7r/2 I d 

This formula makes it very easy to show that the conjugates do not converge to 
zero at any point of (-7r, 0) U (0, 7r), even though the original sequence of functions 
converges to zero on (-ir, 7r). The explanation for this strange behavior is that when 
the nth term of the sequence (7) is written as a trigonometric polynomial of degree 
rl, the constant term, v/ 4-n (27), is almost 1/Vf, while for each x E (-7r, 7r), the 
sequence (7) tends rapidly to zero. In other words, the sequence (7) is of more 
or less constant size when viewed from a trigonometric series point of view, but is 
"unreasonably small" when viewed from the point of view of pointwise convergence. 

In section 4 we continue the study of the sequence (7), by contrasting two seem- 
ingly quite similar situations. In both, trigonometric polynomials of degree n with 
largest Fourier coefficient having modulus equal to 1 are considered. If we look for 
the smallest such function "at" x = 0, then 4fl ) -1 sin2n (x) is extremal, but if 
we look for the smallest such function "near" x = 0, it is not. 

In section 5 we suggest a line of research inspired by the results of sections 3 
and 4 which might lead to a counterexample to certain cases of the main conjecture 
given above. 

2. PROOF OF THEOREM 1. 1 

Let the sequence of integers {q O} satisfy X1 > 0, On" > eo > 1 and suppose 
that 

(8) lim An(x) = 0 for almost all x, 

where An(x) = cn (x)einx + c-n(-x)e-iOnx with Cn(x) and cn(x) being trigono- 
metric polynomials with complex coefficients of degree n. Our goal is to show that 

(9) lim Cn(X) = 0 for almost all x. 
n--moo 

(Notice that C-n(-x) = eiknx (An(x) - cn(x)eiknx), so that from (8), (9), and 

leinx I = 1, it is immediate that limnoo c-n(x) = 0 a.e. also.) 

The conjugate of einx is einx = (-i sgn n) einx so that 

(10) An (X) + iAn (x) = 2Cn(x)e 

This identity forms the link between statements (8) and (9). Thus, for example, we 
would have an immediate proof if it were true that whenever limn,:>O An (x) = 0 
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a.e. for trigonometric polynomials A, with degA, = n, then limn, 00 An(x) = o 
a.e. Unfortunately, this is false. (Let {An} approximate the Dirac measure 6 in 
such a way that An-- 8. For another example, see the next section below.) So the 
following more circuitous argument is needed. 

1. From the hypothesis (8) it follows that S(x) = Z Ax) converges a.e. 

2. By a theorem of Plessner ([Z, page 216]), it follows that S(x) = ZA () also 
converges a.e. 

3. Hence An(x)nr-2 -O 0 a.e. 
4. It follows from 3. and Egoroff's theorem that for each A E (0, 1) there is a 

constant B = B(A) such that for all n, An(x)nr2 < B for all x in some subset of 

(-7r, ir] of measure at least 27rA. 
5. It also follows from the hypothesis and Egoroff's theorem that there is a 

constant B' = B'(A) such that for all n, jAn(x)j ? |An(x)n-21 < B' for all x in 
some subset of (-7r, ir] of measure at least 2irA; so by identity (10) we find that 
there is a constant B" = B"(A) such that for all n, ICn(x)I < B"n2 for all x in some 
subset of (-or, ir] of measure at least 2irA. 

6. Pick Yl CE (1, -yo). By 5. and a theorem of Paul Cohen, there is a constant b 
such that for every n and every x, ICn(x)I < bn2 (_yi)T ([AWa, Lemma 9], and [AWe, 
pages 404-406]). Similarly, for every n and every x, jc-n(-x)I < bn2 (>1)n . 

7. Denoting differentiation with respect to x by a prime and applying a theorem 
of Bernstein, we have for every n and every x, IC' (x)I < bn3 (_yi)n ([Z, page 11]). By 
picking Y E (yi, -yo) and a constant c appropriately, we may present this conclusion 
more neatly by saying that we have 

(11) for every n and every x, Ijc(x)j < cayn. 

Similarly, 

(12) for every n and every x, IcQ(x)| < cn Y 

Roughly speaking, the "coefficients" cn and C-n are just about constant within a 
period of the fast oscillators ei~nx and e-inx(an interval of length 2), so that at 
most points of each period, An is small by virtue of its two summands each being 
small rather than by virtue of the cancellation of one with the other. It remains 
only to make this argument rigorous. 

8. Assume that the conclusion is false, so that limsupnOo jCn(x)I > 0 on F, 
jFj > 0. The set of points x where limno An(x) = 0 has full measure; so by 
Egoroff's theorem, a set E of measure exceeding the measure of the complement 
of F can be picked so that An(x) converges to zero uniformly on E. Since almost 
every point of E is a point of density of E, there is such a point x in E n F. Since 
x c F, 

(13) limsup Icn(x)I > 0. 

However, since x is a point of density of E, for each sufficiently large k we may pick 
Yk also in E so that 

(14) YkXE - 
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Now, following a pretty remark of Roger Cooke [C], we treat the equations 
defining Ak at x and Yk as a system of 2 linear equations in the 2 unknowns Ck (x) 

and Ck(-x): 

{ ck(x)e ok + c-k(-x)e-ibx Ak(X), 
Ck(X)etk9k + C-k(-x)e 24OkYk - Ak(Yk) + A, 

where A = (Ck(X) - Ck(Yk)) eiZkYk + (C-k(-X) C-k(-Yk)) e ikYk. Solving for 
Ck(X) yields 

ck (x) = 
e 

-i/kYk (Ak(Yk) + A)- e ik xAk(x) 
2isinq k(X - Yk) 

Take absolute values. The denominator exceeds 2 sin 7r/4 because of relation (14). 
Use the triangle inequality, the mean value theorem, and relations (11), (12), and 
(14) to estimate A. We conclude that there must be a constant C such that Ick(x)l < 

C {Ak(Yk)I + Mk1k +? Ak(X)I}I Since all three terms inside the curly brackets 
tend to 0 as k increases, this contradicts relation (13). 

3. SMALL FUNCTIONS WITH LARGE CONJUGATES 

Theorem 3.1. For each n = 1,2,..., let f, (x) = kn sin2 (f), where kn = 

2n 14 (22) 1 The sequence of functions {fn(x)} converges to zero for each x C 

(-ir, 7r) while the sequence of functions {fn(x)} converges to zero for no x in 

(-7r, 0) U (0, 7r). 

Lemma 3.2. The conjugate of f72 (x) = kn sin 2nr 2 ) is 

7/2 dt 
fn(x) = -2(2n -1) sin 2n~z) /2d 

Proof of Theorem 3.1. By Stirling's formula, kn 2/Ern as n - oc, whence it is 
clear that {frf(X)} converges to zero for each x E (-7r, 7r). 

Let x E (0, ir). Set t = 0, so that we may use a well known reduction formula to 
find that 

7r/2 dt _ 1 cos x 2n-2 7r/2 dt 1 cos x 

x/2 sin2nt 2n -1 sin2- x2n 2- 1/2 sin22t -2n -1 sin 22 

By the lemma we have 

(X) < - 2(2n -1) sin 2n ( n) 
2 

i -2 sin - cos = -sin x, 

so that lim71, fn(x) 54 0 when x E (0, Or). Since each f72 (x) is odd, we also see 
that limn,>o, fn (x) 54 0 when x E (-ir, 0). [1 
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Proof of Lemma 3.2. From sin(2) = ex/2 e- /2 it follows that f(x) = sin2 (2) = 

4-n 2n() +2.4-nZn (n2n)(1) cos mx, so that 

f(x) = 2 4- d ( )(- 1)m sin mx. 
n-m 

Let S(x) = f(x) + if(x) and let z = ei'. Then S may be thought of as a function 
of z so that the substitution k = n - m yields 

(15) $(z) = 4- + 2 4 
n 

~~~~~z 
where g(z) = En- (2n)zk. The whole proof turns on the lucky fact that g satisfies 
an easily solved first order differential equation. Direct calculation shows that 

(1 + z)g'(z) =-(2r)nz 

Solving this equation by first solving the associated homogeneous differential equa- 
tion and then applying the method of variation of parameters leads to 

9(Z) = (1 Z)2n (I (n) n tn- 1 ( + t) -2n- 1 dt) 

Since z = eix 

(16) 9 - g(ei(7')) = (1 -hx)2Th (1 _ (2)rh(x)) 

where h(x) = 1 tn-1(1 + t)2n-1dt. Since the integrand is analytic when 
t 78 -1, when x $8 0,,we may choose our path of integration to be the line segment 
from 0 to 1 followed by the arc of the unit circle from 1 to ez(-x). This gives 

1 --X1 ei(n-1) d 
h~~x) tn= 0(1 )-n-1d h(x) = t tn-l(+ t) dt + Jo (1 + eiO)2n+l ie dO 

= (2n)Y1 ij() + A-j + -4-n - 2( ) do 

n 2 cos~~~~~~cosn(1 

n si )n ( X2 2 } X ~ (0i) 

Substitute this into equation (16) and note that (1 - e-ix)2n = sin2n x)(_1/z)n4n 
to get 

(1~~ 2n X [i 1 ~~~(2n) 1 i()n O g ( 1 ) = sin (_)(_1/z)n4T d _ 4 ( 4T ) I _X z 2 2 4 sin 2n(x) 2 Jo cos(n ) 

Finally, substitute this into equation (15) to get 

( 2rC 2n ir- 1 d S(z) = sin (-)-i4 ( n sin ( - ) , -du 2 o2 J cost t(m) 

Multiply through by kn and make the substitution t = ' to establish the lemma. 
2~~~~~~~E 



226 J. MARSHALL ASH, GANG WANG, AND DAVID WEINBERG 

4. THE REMARKABLE FUNCTIONS Sin2n( ) 

Definition 4.1. Say that a function f(x) is asymptotic to 0 of order n at a if n is 

the smallest real number such that lim supxIa |(X) I is finite. 

Lemma 4.1. The only trigonometric polynomials of degree n, 
n 

co + Z ak cos kx + bk sin kx, 
k=1 

where 

(17) max{lcoI, laI , IanI, lb,1, Ibnl} = 1, 

which are asymptotic to 0 of order 2n at 0 are 
o 2n 

P (x) := e (2 (1 - COSX) . 

In particular, if we normalize by demanding that co be real and nonnegative, then the 
unique trigonometric polynomial of degree n satisfying (17) and being asymptotic 
to 0 of order 2n at 0 is 

2n 
P0(X) (=22) (1 CO coX) n 

(n) 

which has constant term 1. 

Proof. Replacing the trigonometric functions sin and cos by their Taylor expansions, 
we see that the degree n trigonometric polynomial P can be written as 

n n 
ta )(kCx)2m (kx)2m+10+Xl+ 

=o+ co ? (( I)m j< {k(-Im 0( }+ E lo t ( (2m)! (2m + 1)! (x ) 

Thus for P to be asymptotic to 0 of order 2n at 0, the ak's and bk's must satisfy 
the following equations: 

( 1 *-. 1 a z1 -a 

12 22 .. n2 a2 
= ? X 

(1-2 2 n b? 

In 1 3 2 3 rl3 8 :b2: 

2n-1 22n-1 . Ebk ) K ? 2 

The determinant of the top n by n matrix is a Vandermonde determinant and hence 
is not zero. Similarly, the determinant of the bottom n by n matrix is also nonzero, 
since this determinant is a nonzero multiple of a Vandermonde determinant, as can 
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be seen by factoring j out of the jth column, j = 2,3, ..., n. Thus all the bk's must 
be zero and all the ak's are uniquely determined once co is fixed. 

Now observe that replacing cos x by 1 - x +0 (X4) in Pa shows Pa to be asymp- 

totic to O of order 2n at 0. Furthermore, replacing (1-cos x)n by 2n ( _ee/22f //) 

and using the binomial expansion show that the constant term of P. is eta, and, 
since (2n) > (2n) for j c [0, 2n]\{ri}, all the other coefficients of Pa, are of smaller 
modulus. In short, Pa, has all the required properties, and the uniqueness of P,, is 
guaranteed by the argument of the preceding paragraph. ED 

Question. Fix any E C (0, 7r] and let I, := [-E, E]. Find all trigonometric poly- 
nomials of degree n satisfying condition (17) and having minimum suprema on Ifs. 
Perhaps the most interesting special case of this question occurs when E = 7r. 

Remarks. 1. This question has the flavor of the Heisenberg Uncertainty Principle 
in the sense that we are looking for a small function with a large Fourier transform. 
Here we are specifying a kind of supremum norm on both function and transform, 
but it is clear that many similar questions can be raised. For example, consider 
trigonometric polynomials of fixed degree and fixed 1p norm on the transform side, 
and attempt to find the ones with extremal Lq[-E, E] norm on the function side, 
where q may be p or the conjugate exponent p/(p - 1) or possibly something else. 

2. Let 

llPll7 := sup IP(x)l. 

We were led to this question by thinking about Lemma 4.1 above. It seemed 
reasonable to conjecture that for each integer n > 0 there is a small positive number 
E = 6(n) such that the only trigonometric polynomials of degree n satisfying (17) 
for which 1 is minimal are those of the form Pa,. We thank Professor Peter 
Borwein for showing us that this is not the case. To see this, fix E C (0, 7r/2) 
and n. Then Po(x) is 0 at x = 0, increasing on [0,6], even, and of the form 1 + 

a, cosx + ... + ancosnx, where 1 > IaI > ... > Ian I. Then if d > O and x CE I, 
-d < Po (x) - d cos x < Po (E) - d cos E, so choosing d small enough produces a new 
trigonometric polynomial, Po (x) - d cos x, which still satisfies conditions (17) and 
which satisfies flPo(x) - dcosx1, < IfPo(x)H I. (To be precise, d must be so small 
that d < Po(E) = IlPo(x)llE and that ai - dl < 1.) 

5. A COUNTEREXAMPLE FOR THE MAIN CONJECTURE? 

In the previous section, the function fn(x) = kn sin 2n (x) was seen to arise nat- 
urally as the most asymptotically small at 0 among the real trigonometric poly- 
nomials of degree n with constant term kn(2n)4-n. (See section 3 above for the 
definition of kn.) To relate this to the main conjecture, define cn(x) and c-n(x) 
respectively by 2cn(x) = fn(x) + ifn(x) and 2c-n(-x) = fn(x) - ifn(x). Finally 
set An(x) = cn(x)eiOx + c-n(-x)e-iOx. Then we can recast the result of section 2 
by saying that we have here a counterexample to the main conjecture in the special 
case when all On = 0. (Of course, this isn't fair since the condition On > 1 > 
fails.) 

Motivated by this, start with, say, cn(x)ei2nx + c-n(-x)e-i2nx , where the coef- 
ficients of the polynomials cn and C-n are to be determined. Next define an and 
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an from the system 

2c, (x)ei2nx = an(x) + i&n (x)W, 
2c n(-x)e-i2nx = an(x) - idn(X). 

Now an(x) has the form Zv12n dveivx. Use the Maclaurin expansion methods of 
section 3 to make an real and asymptotically small of order 2n at zero, while having 
largest coefficient equal to 1. Then an will be "unreasonably small", just as fn was. 
If an turns out to be "much larger" than an, just as fn was "much larger" than 
fn, then the main conjecture will be false when O5n = 2n. Estimating the size of 
an seems to require a lot of technical power. (In particular, the methods used in 
section 3 don't appear to work here.) 
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