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Abstract. The issue is uniqueness of representation by multiple trigonomet-
ric series. Two basic uniqueness questions, one about series which converge to
zero and the other about series which converge to an integrable function, are
asked for each of four modes of convergence: unrestricted rectangular conver-
gence, spherical convergence, square convergence, and restricted rectangular
convergence. Thus there are eight basic questions in each dimension. In all
dimensions, both uniqueness theorems are valid for unrestricted rectangular
convergence, as is the �rst uniqueness theorem for spherical convergence. The
second uniqueness theorem holds for circular convergence in dimension 2. All
the other questions are still open. The positive work will be surveyed along
with related work involving extensions of the Cantor-Lebesgue theorem.

1. Introduction

In 1974 Marshall Ash gave a talk entitled �Multiple trigonometric series� in
which were listed only 4 substantial uniqueness theorems for convergent multiple
trigonometric series [A1]. They were

1 if a double trigonometric series is spherically convergent to zero everywhere,
then all its coe¢ cients are zero,

2 if a double trigonometric series is spherically convergent to an everywhere
�nite, Lebesgue integrable function, then it is the Fourier series of that
function, and

3 if double trigonometric series is unrestrictedly rectangularly convergent to
zero everywhere, then all its coe¢ cients are zero, and

4 if a double trigonometric series is unrestrictedly rectangularly convergent
to an everywhere �nite, Lebesgue integrable function, then it is the Fourier
series of that function.

Not much happened for about 20 years, but in the last few years all of these
results have been extended to d dimensions. We will outline how this was done and
point out several of the obstacles to further progress. To begin with, we will sketch
the very well known one dimensional uniqueness proof given by Cantor in 1870.

Date : January 28, 2011.
1991 Mathematics Subject Classi�cation. Primary 42B99; Secondary 42B08, 42A63.
Key words and phrases. Uniqueness, square convergence, spherical convergence, restricted rec-

tangular convergence, unrestricted rectangular convergence, Cantor-Lebesgue theorem .
The research of both authors were partially supported by a grant from Faculty and Development

Program of the College of Liberal Arts and Sciences, DePaul University.

1



2 J. MARSHALL ASH AND GANG WANG

Theorem 1.1 (Cantor). Suppose that the one dimensional trigonometric seriesP
cne

inx converges to zero in the sense that at each x; sn(x) =
Pn

�=�n c�e
i�x

tends to 0 as n tends to 1: Then all cn must be 0:

The �rst step of the proof is to observe that at each x; c�ne�inx + cne
inx =

sn(x) � sn�1(x) also tends to 0: The Cantor-Lebesgue theorem asserts that this
does not happen because of cancellation between the two terms. Explicitly,

Theorem 1.2 (Cantor-Lebesgue). If c�ne�inx+cneinx ! 0 for every x 2 R, then,q
jc�nj2 + jcnj2 ! 0.

In other words, our �nal goal of getting all cn identically 0 has been partially
achieved: at least the cn tend to 0 as jnj tends to 1: Next one forms the Riemann
function F (x) = c0

x2

2 �
P0

cn
n2 e

inx; where the prime means that the sum is over all
nonzero integers. This function has two important properties: 1) it is continuous,
and 2) it has a generalized second derivative which is everywhere 0: From these two
facts it quickly follows �rst that F must be linear and consequently that all cn are
0:
We will see below that all known higher dimensional proofs except one more or

less follow this approach of starting with a Cantor-Lebesgue type theorem. Even
for the exceptional case of unrestricted rectangular convergent, one of the known
proofs [AFR] follows the one dimensional approach. It will also be pointed out that
most of the open questions seem totally inaccessible because of a breakdown at
this very �rst step. In most settings the best possible Cantor-Lebesgue extension
is known and in some settings the corresponding extension yields much, much less
than the one dimensional Cantor-Lebesgue conclusion.
Before leaving the one dimensional setting we will state one further theorem that

also serves as a model for higher dimensional generalizations.

Theorem 1.3 (de la Vallée-Poussin). If a one dimensional trigonometric series T
is convergent to an everywhere �nite, Lebesgue integrable function f , then it is the
Fourier series S[f ] of that function.

Let us consider the relation between Cantor�s theorem and de la Vallée-Poussin�s
theorem. By de�nition, S[f ] =

P
f̂(n)einx; where f̂(n) = 1

2�

R �
�� f(x)e

�inxdx:
Since the Fourier series of the everywhere zero function has all coe¢ cients equal to
zero, it is immediate that Cantor�s theorem is a special case of de la Vallée-Poussin�s.
It is worth a moment�s thought to distinguish the questions. After all, Cantor�s
theorem is called a uniqueness theorem because if T and S are two trigonometric
series converging everywhere to the same value, then applying Cantor�s theorem to
the series T � S shows that all the coe¢ cients of T and S must agree. One might
therefore try to deduce de la Vallée-Poussin�s theorem from Cantor�s theorem as
follows. Let T converge to f 2 L1: Then T � S[f ] converges to 0 everywhere, so
by Cantor�s theorem, T and S[f ] are identical. The fallacy in this argument is
that S[f ] may very well fail to converge at all. In fact, Kolmogorov has given an
example of an L1 function with an everywhere divergent Fourier series. The proof
of de la Vallée-Poussin�s theorem requires all the machinery of the original theorem
together with additional notions such as majorants and minorants from the theory
of Lebesgue integration.
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Although we could often save space by only discussing analogues of de la Vallée-
Poussin�s theorem, it is worth distinguishing the cases because the proofs can be of
quite di¤erent levels of di¢ culty, even in the one dimensional case.
We will consider multiple trigonometric series from now on. We begin by intro-

ducing some de�nitions and notation used for the rest of the paper. As a general
notation, one dimensional and multiple dimensional indices are both denoted by
m;n; � � � . We do not distinguish between them for the sake of notational simplicity.
The dimensions of the indices will always be clear from the context.
Let T be a multiple trigonometric series, so that for x 2 Td we have

T =
X
m2Zd

cme
imx:

Fix x and set am = am(x) = cme
imx: There are many ways to add up the terms

of T =
P
am: We will consider 5 summation methods here. All methods will be

symmetric, i. e., if am is included in a partial sum and if m0 di¤ers from m only
by some coordinate signs so that

��m0
j

�� = jmj j for every j; then am0 will also be
included in that partial sum.

De�nition 1.1. Let jmj =
qP

m 2
j and for each real r � 0; de�ne

T r =
X
jmj�r

am

to be the rth spherical partial sum of T . We say T converges spherically to t if

lim
r!1

T r = t:

For multiindices m and n; say that m � n if for every j; mj � nj , and for any
real number r; let r denote the multiindex (r; :::; r):

De�nition 1.2. For m � 0, call

Tm =
X

�m�n�m
an

to be the mth rectangular partial sum of T . Let m be a nonnegative integer. We
de�ne

Tm =
X

�m�n�m
an

to be the mth square partial sum of T and say T is square convergent to t if

lim
m!1

Tm = t:

If we de�ne a di¤erent norm k�k by kmk = maxj=1;:::;d fjmj jg ; we see that Tm
can also be expressed as

Tm =
X

knk�m

an:

The various methods of summing T can be viewed geometrically. For example,
the spherical partial sum T r are so named because the indices associated with the
terms of T appearing in the partial sum are exactly the indices contained within the
closed origin-centered sphere of radius r: Spherical summation is a plausible way of
adding up all the terms of T because any �xed indexm is in all spheres of su¢ ciently
large radius; equivalently, am is included in all su¢ ciently late spherical partial
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sums. Similarly, if d = 2; and (m1;m2) � 0; the indices n satisfying �m � n � m
are exactly the indices contained within the closed origin-centered rectangle with
lower left corner (�m1;�m2) and upper right corner (m1;m2): In particular, if
m1 = m2 = m; the rectangle is actually a square . (If knk = m , then n is on
the edge of the square.) Again, as m ! 1; any �xed index n is in all su¢ ciently
late squares; equivalently, an is included in all su¢ ciently late square partial sums.
In short, any method which eventually captures all points of the index set Zd is
a plausible summation method. The three methods yet to be described will also
eventually capture the entire index set.

De�nition 1.3. Say that T is unrestrictedly rectangularly convergent to t if

lim
minfjmj jg!1

Tm = t:

Next,

De�nition 1.4. T is restrictedly rectangularly convergent to t if for any e � 1; no
matter how large,

lim
n!1

sup

�
jTm � tj : minfjmj jg � n and all

����mj

mk

���� � e

�
= 0:

Finally,

De�nition 1.5. Say that T is one way iteratively convergent to t if there exists a
permutation f�(1); � � � ; �(d)g of f1; 2; � � � ; dg ; such that the nested limit,

lim
n�(d)!1

n�(d)X
m�(d)=�n�(d)

�
lim

n�(d�1)!1

n�(d�1)X
m�(d�1)=�n�(d�1)

�
� � �
�

lim
n�(1)!1

n�(1)X
m�(1)=�n�(1)

am

���
is equal to t.

Remark 1.1. If we replace �convergent� in Theorem 1.3 by �one way iteratively
convergent�, then the multidimensional version of Theorem 1.3 holds by a simple
induction argument. Thus, we are only interested in questions where the mode of
convergence is not one way iteratively convergence. On the other hand, as we will
illustrate below, there are many interesting questions concerning the relationships
between one way iterative convergence and other modes of convergence for trigono-
metric series.

The rest of the paper is organized as follows. In Section 2 we summarize pos-
itive results on multidimensional Cantor-Lebesgue type theorems and give some
counter examples. Uniqueness type theorems for multiple trigonometric series un-
der di¤erent summation modes will be stated in Section 3. First, we will outline
the analogues of Cantor�s uniqueness Theorem 1.1 under unrestricted rectangular
convergence. Then, we will present Bourgain�s recent spherical uniqueness theo-
rem. This will be done by giving a proof which depends on three theorems of
Bourgain. Later, in Section 4, the proofs of the three theorems will be given. In
Section s:concl, some open questions are posed.

2. Extensions of the Cantor-Lebesgue theorem

In Cantor�s one dimensional proof sketched in Section 1, the �rst step was to
deduce from the strong hypothesis of everywhere convergence to zero, the much
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weaker consequence that

(2.1) lim
n!1

cne
inx + c�ne

�inx = 0; for all x:

As mentioned above, from this Cantor was able to deduce that

(2.2) lim
n!1

q
jc�nj2 + jcnj2 = 0:

2.1. Square and restricted rectangular convergence cases. In the cases of
square and restricted rectangular convergence, from the analogue of (2.1) follows
much less than the analogue of (2.2). Already in the thesis of Paul Cohen [Coh]
there is an example of a double trigonometric series which is convergent o¤ the line
f(x; y) 2 T2 : x = 0g, but has in�nitely many coe¢ cients �almost�satisfying cn �
knk : This was improved in [AWe] to a double series with much larger coe¢ cients
and still convergent o¤ a single line. However, for many years there was still a
nagging doubt that maybe the everywhere nature of the hypothesis would rule out
such coe¢ cient growth. This hope was �nally dashed in [AWa]. In fact, let '(n) be
any function which grows more slowly than exponentially in n: This means that
for any given  > 1 there exists b = b('; ) > 0 such that j'(n)j � bn: Note that
' grows more slowly than exponentially in n if and only if lim sup

n!1
'(n)1=n � 1: For

example, '(n) could be n1000000 or en= log logn: Consider the double trigonometric
series

(2.3) T (x; y) =
1X
n=4

1X
m=0

tmn cosmx cosny;

created by considering the series

(2.4) 2
p
�

1X
n=2

n3=2'(n) cos2
�x
2

�
sin2n�2

�x
2

�
cosny;

and using the binomial theorem to expand

cos2
�x
2

�
sin2n�2

�x
2

�
=

�
eix=2 + e�ix=2

2

�2�
eix=2 � e�ix=2

2i

�2n�2
:

Since this expansion only involves integer frequencies lying between �n and n; it
is clear that the index set is supported on the �butter�y-shaped�region f(m;n) :
�jnj � m � jnjg, so that the partial sums of the series as expressed in form
(2.4) coincide with the square partial sums of the series thought of as a double
trigonometric series and expressed in form (2.3). If jxj < �; so that a = sin2

�
x
2

�
is

less than 1; then series (2.4) converges by comparison with
P
n3=2'(n)an; while if

x 2 f��; �g; then every term of series (2.4) is zero. Thus T is square convergent
everywhere. On the other hand, some of T�s coe¢ cients are huge. For example, a
simple calculation shows that

t0n = 2
p
�
n3=2

2n� 1'(n)4
�n
�
2n

n

�
;

and it follows from Stirling�s formula, n! '
p
2�nnne�n; that

t0n ' '(n) as n tends to+1:
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Also, T is one-way iteratedly convergent everywhere in the sense that

T̂ (x; y) = lim
N!1

NX
n=4

(
lim
M!1

MX
m=0

tmn cosmx

)
cosny

exists as a �nite real number for each (x; y): This is easy to see, since tmn = 0 as soon
as m > n: The series T also turns out to be restrictedly rectangularly convergent,
although the calculations are somewhat technical [AWa]. To summarize,

� T has coe¢ cients growing like '(n); and
� T is everywhere convergent to an everywhere �nite function in the square,
restricted rectangular, and one-way iterative senses.

The bad behavior exhibited by these examples is certainly bad enough to de-
stroy any hope of proving uniqueness for square or restrictedly rectangularly con-
vergent trigonometric series by closely following Cantor�s proof. On the other hand,
perhaps everywhere restricted rectangular or square convergence for trigonometric
series implies everywhere one way iterative convergence. If so, Remark 1.1 will im-
medimately lead to a uniqueness proof here. We will come back to this in Section 3.
As bad as these examples are, at least nothing worse can happen. Here are a

couple of positive results, which show the examples given by equation (2.4) to be
essentially sharp.

De�nition 2.1. Let A0(x) = T0(x) and for n � 1, de�ne

An(x) = Tn(x)� Tn�1(x):

Thus, An(x) is the sum of the terms on the edges of the d-dimensional square of
size 2n.

Theorem 2.1. Let T (x) =
P

n�0 An(x) be square convergent for all x in a full
measured subset of Td: Then for any given  > 1; there exists b = b(T; ) > 0 such
that jcmj � bjjjmjjj: [AWe, p. 408]

This theorem was proved by Paul Cohen [C1]. We reference [AWe] above since
Cohen�s (very good and very interesting) thesis, although available in the University
of Chicago Library, was never published.

Theorem 2.2. Let T (x) =
P

n�0 An(x) converge restrictedly rectangularly for
all x in a full measured subset of Td. Then for any given  > 1, (1) there exists
b = b(T; ) > 0 such that jcmj � bjjjmjjj and (2) given any E > 1; fcng tends to 0
as knk ! 1 in such a way that every ratio jnij = jnj j is bounded by E [AWa].

Again, because of the examples given above, these very weak theorems are es-
sentially the �best possible�Cantor-Lebesgue type theorems for the given methods
of convergence.

Remark 2.1. Recently, Victor Shapiro called our attention to a 1950 paper of
Walter Rudin in which an example involving spherical harmonics uses an nth term
containing sinn�1 � cos � and so is asymptotically small at each � while being as-
ymptotically large in another sense [R]. It is fascinating to see this identical idea
appearing in a di¤erent context. Note well and enjoy this idea, because we believe
there is still more to be extracted from it.
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2.2. Unrestricted and spherical convergence cases. For the methods of un-
restricted rectangular convergence and spherical convergence there are much better
Cantor-Lebesgue type results.

Theorem 2.3. If limminfmig!1Am(x) = 0 for all x in a set of positive Lebesgue
measure, then limminfjmijg!1 cm = 0 and lim supmaxfjmijg!1 jcmj < 1 ([AWe],
pp. 410�412).

This means that the coe¢ cients tend to zero �in the corners�and are bounded
�along the axes.� Again, the result is essentially sharp. In the case of spherical
convergence, the situation turns out to be even better.

Theorem 2.4. If d = 2 and fcmg is a doubly indexed set of complex numbers such
that

Cr(x) =
X
jmj=r

cme
imx

tends to zero for all x in a set of positive Lebesgue measure, then

(2.5) "r =

s X
jmj=r

jcmj2 tends to 0 as r !1:

A slightly weaker version of this, requiring that the set fx : Cr(x)! 0g be of full
measure was proved by Roger Cooke [Coo]. Shortly thereafter, Antoni Zygmund
proved theorem [Z].
If one looks at the proofs of Cooke and Zygmund, it does not seem at all easy

to extend them to any dimension higher than 2. But this is exactly what Bernard
Connes [Con] did with a very clever geometrical induction argument. Here is his
result.

Theorem 2.5 (Connes). If d � 3 and fcmg is a multiply indexed set of complex
numbers such that Cr(x) tends to zero for all x in a non-empty open subset of Td;
then "r tends to zero as r tends to in�nity.

Notice that this theorem requires a stronger hypothesis than those of Cooke and
Zygmund. However, this will not prove to be a problem for the applications to be
made here.

3. Uniqueness theorems

Despite our remarks to the e¤ect that the very �rst step in proving a uniqueness
theorem must be proving a strong Cantor-Lebesgue type theorem, that is not what
happened historically. The �rst important work in the area was done by Victor
Shapiro. He assumed that

(3.1) �r =
X

r�1<jmj�r

jcmj = o(r) as r !1:

Let us call conditions (2.5) and (3.1) the Connes condition and the Shapiro condi-
tion, respectively. Note that jmj is always the square root of an integer, so letting
k always denote an integer, apply �rst Schwarz�s inequality, next the estimate that
the number of points of Zd in a sphere is asymptotically the volume of that sphere,
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and �nally the fact that in Zd there are O(rd�1) lattice points of modulus lying
between r � 1 and r (this estimate, due to Landau, can be found in [G]) to get

�r =
X

r�1<
p
k�r

� X
jmj=

p
k

cm

�
=

r2X
k=(r�1)2

� X
jmj=

p
k

cm

�

�

vuuut r2X
k=(r�1)2

� X
jmj=

p
k

1

�vuuut r2X
k=(r�1)2

� X
jmj=

p
k

jcmj2
�

= O
�p

rd�1
�
�

vuut r2X
k=(r�1)2

"2p
k

= O
�
r
d�1
2

�
�O

�
r
1
2

�
sup

r�1<
p
k�r

"pk;

Now if the Connes condition (2.5) holds, then supr�1<
p
k�r "

p
k = o(1) as r !1;

so that the last calculation shows that in this case �r = o(rd=2): In particular, the
Shapiro condition (3.1) is a consequence of the Connes condition (2.5) in dimension
2; but not in any higher dimension. Here is what Shapiro [S] proved.

Theorem 3.1 (Shapiro). Let the multiple trigonometric series T =
P
cme

imx be
spherically Abel summable to an everywhere �nite L1(Td) function and assume that
the cm satisfy condition (3.1), then T is the Fourier series of that function.

Actually he proved more, but this gives the general idea. The spherical Abel
limit of

P
am is limh!0

P
ame

�jmjh:

3.1. Unrestricted rectangular uniqueness results. In 1918, a general unique-
ness result was announced. It seemed to have a routine inductive proof, so interest
in the subject died out. About 1970, Ash and Welland realized that the proof was
incorrect. Furthermore, it looked as if some new ideas would be required to get the
result. The �rst result came pretty quickly.

Theorem 3.2 (Ash-Welland). If a double trigonometric series converges unre-
strictedly rectangularly everywhere, then Shapiro�s condition (3.1) holds. Also un-
restricted rectangular convergence to a function implies circular Abel summability to
the same function. Therefore by the theorem of Shapiro, if a double trigonometric
series converges to an L1 function everywhere, then it must be the Fourier series
of that function.

This proof only works in dimension 2. In retrospect, its proof really was as
unnatural and lucky as it seemed at the time. For example, unrestricted rectangular
convergence of a double series does not imply double circular convergence, only
double circular Abel summability. Also Shapiro�s condition is a consequence of the
natural unrestricted rectangular Cantor-Lebesgue theorem only in dimension two.
Twenty years went by without any further progress. Then came two theorems

in quick succession that completely settled the problem. Furthermore the �rst
theorem came with two independent and completely di¤erent proofs. Here are the
theorems.
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Theorem 3.3 (Ash�Freiling�Rinne, Tetunashvili). Let the multiple trigonometric
series T =

P
cne

inx with x 2 Td be unrestrictedly rectangularly convergent to 0
everywhere. Then all cn are zero.

Theorem 3.4 (Freiling�Rinne�Thompson). Let the multiple trigonometric series
T =

P
cne

inx with x 2 Td be unrestrictedly rectangularly convergent to an every-
where �nite L1(Td) function at every x. Then T is the Fourier series of that
function.

We will only discuss the simpler of these two results; namely, we will give the
ideas behind both of the proofs of Theorem 3.3.
Tetunashvili�s proof is based on a really nice idea as explained in Remark 1.1.

His proof opens the door to proving uniqueness theorems without using Cantor-
Lebesgue type theorems. But so far, it has not been used to study other modes of
convergence.
There are many connections between di¤erent modes of convergence and/or sum-

mability that do not hold for series of numbers, but which do hold on an everywhere
basis. Several of these are mentioned in the paper of Ash and Welland. The one
that Tetunashvili found concerns the implication

unrestricted rectangular convergence =) iterated convergence.

This assertion does not hold for series of numbers. For example, consider the
numerical double series

P
amn; where a0n = (�1)n, and a1n = (�1)n+1 for n =

1; 2; � � � , and all other amn = 0. Since T(m;n) = 0 as soon as m � 1; this is
unrestrictedly rectangularly convergent to 0; but the iterated limit

lim
m!1

X
jij�m

0@ lim
n!1

X
jkj�n

aik

1A
obviously doesn�t exist. Nevertheless,

Lemma 3.5 (Tetunashvili). If a multiple trigonometric series converges to 0 un-
restrictedly rectangularly at every point of Td; then it also converges one way iter-
atively to 0 at every point of Td:

This lemma can be proved by using a theorem of Paul Cohen. Cohen�s theorem
asserts that if the modulus of a trigonometric polynomial of degree n is bounded
by B on a set of positive Lebesgue measure E; then there is a constant c = c(E)
such that the supremum norm of that polynomial does not exceed Bcn: See [Coh]
or Lemma 2.1 of [AWe] for this. The �rst consequence of Cohen�s theorem is a
theorem of Ash and Welland asserting that unrestricted rectangular convergence at
all points of T d forces the partial sums to be bounded at each point. (See Lemma
2.3 of [AWe].) Even though the bound may vary from point to point, look at the
example

P
amn; where a0n = 1 and a1n = �1 for n = 1; 2; ::: and all other amn = 0

to see that this is not a trivial result. We will restrict ourselves to the case d = 2:
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Proof. Assume that the double series S =
P
cmne

i(mx+ny) converges unrestrictedly
rectangularly at every point of T2: It is enough to prove that

lim
N!1

NX
n=�N

cmne
imx = 0 for every x and m; and

lim
M!1

MX
m=�M

cmne
iny = 0 for every y and n:

Suppose this is not true. We may assume that there is a point yo and an integer
mo such that

(3.2) lim
N!1

NX
n=�N

cmone
inyo = 0 is false.

From now on we will keep y = yo �xed and think of all functions under consideration
as living on the horizontal section f(x; yo) : x 2 T1g. From Lemma 2.3 of [AWe] it
follows that there is a function B(x) bounding all the partial sums of S at the point
(x; yo): Hence there is a constant B and a set E of positive one dimensional measure
so that all the partial sums of S are uniformly bounded by B on the set f(x; yo) : x 2
Eg:By Paul Cohen�s theorem, Lemma 2.1 of [AWe], it follows that for each integer
m; there is a constant Bjmj so that the partial sums T(jmj;N)(x; yo) are uniformly
bounded by Bjmj: (Actually, since

��T(jmj;N)(x; yo)�� = ��T(jmj;N)(x; yo)ejmjix�� and
T(jmj;N)(x; yo)e

jmjix is a trigonometric polynomial of degree 2 jmj ; we know that
Bjmj = Bc(jEj)2jmj; but all that matters is that Bjmj is independent of both x and
N:)
For each integer m; consider the sequence fAm;NgN�0 ; where

Am;N =
NX

n=�N
cmne

inyo ; N = 0; 1; 2; :::

For each m; we observe that T(jmj;N)(x; yo) =
Pjmj

�=�jmjA�;Ne
i�x; so that Fourier�s

equation, Am;N = 1
2�

R
T1 T(jmj;N)(x; yo)e

�imxdx leads to the estimate

(3.3) jAm;N j � sup
��T(jmj;N)(x; yo)�� � Bjmj:

Now let Z0 = fi1; i2; :::g be a well-ordering of the integers with mo coming �rst.
For example, if mo = �2; then Z0 = f�2; 0;�1; 1; 2;�3; 3;�4; 4; :::g:We now de�ne
inductively a number �ik for each k = 1; 2; ::: The sequence fAmo;NgN�0 is bounded
by inequality (3.3), but not convergent to zero by assumption (3.2), so there is a
sequence of nonnegative integers fN1

kgk�0 and a number �mo
= �i1 so that

lim
k!1

Amo;N1
k
= lim

k!1
Ai1;N1

k
= �mo

where

(3.4) �mo 6= 0:
Next, the sequence fAi2;N1

k
gk�0 is a subsequence of the bounded sequence fAi2;NgN�0

(see inequality (3.3) again) and hence itself a bounded sequence, so there is a sub-
sequence fN2

kgk�0 of fN1
kgk�0 and a number �i2 so that

lim
k!1

Ai2;N2
k
= �i2 :
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Once more, the sequence fAi3;N2
k
gk�0 is a bounded sequence, so there is a subse-

quence fN3
kgk�0 of fN2

kgk�0 and a number �i3 so that
lim
k!1

Ai3;N3
k
= �i3 :

Continue inductively. This procedure produces a number �m for each integer m:
To �nish the lemma, it is enough to prove that

(3.5) lim
M!1

MX
m=�M

�me
imx = 0 for every x;

because, by Cantor�s one dimensional uniqueness theorem, this implies that every
�m; and in particular �mo

is zero, contrary to condition (3.4). But to prove (3.5),
it su¢ ces to �x x and " > 0 and to then prove that there is an integer Mo so that

M �Mo implies

�����
MX

m=�M
�me

imx

����� < ":

The series S converges unrestrictedly rectangularly to 0 everywhere; in particular,
there is an integerMo =Mo(x; yo; ") such that

��T(M;N)(x; yo)
�� < "

2 wheneverM and

N exceedMo: Fix anyM �Mo; and note that T(M;N)(x; yo) =
PM

m=�M Am;Ne
imx

so that �����
MX

m=�M
Am;Ne

imx

����� < "

2
:

Finally, pick p = pM so large that f0;�1; 1;�2; 2; :::;�M;Mg � fi1; i2; :::; ipg and
in this inequality let N tend to in�nity through values belonging to the subsequence
fNp

kgk�0. Since Am;Np
k
! �m as k !1 for each integer m 2 [�M;M ]; we get�����

MX
m=�M

�me
imx

����� � "

2
< ":

This completes the proof. �
Now Theorem 3.3 is almost immediate since a uniqueness theorem for uniqueness

for iterated convergence can be proved by simple mathematical induction. Thus
Tetunashvili�s very clever contribution was to build an unexpected relationship
between unrestricted rectangular convergence and one way iterative convergence.

Remark 3.1. It is not hard to see the above argument also leads to the following
lemma:

Lemma 3.6. If a multiple trigonometric series converges everywhere to an every-
where �nite f(x) and f(x) 2 L1(Td), then it also converges one way iteratively to
f(x) everywhere.

Thus, Tetunashvili�s proof can be easily adopted to prove Theorem 3.4.

The Ash-Freiling-Rinne approach, on the other hand, required a whole new tech-
nology. It will prove useful in the long run only if the new techniques turn out to
have further applications. We will give an idea of how these techniques work by
using them to reprove Theorem 1.1, Cantor�s original one-dimensional uniqueness
theorem. Suppose that

(3.6)
X

cne
inx = 0 for all x:
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Assume that the standard proof has been started, i.e., that the Cantor-Lebesgue
result jcnj + jc�nj ! 0 has been established, that the Riemann function F (x) =
c0
x2

2 �
P0 cn

n2 e
inx has been shown to be a continuous function, that the identity

(3.7)
F (x+ h)� 2F (x) + F (x� h)

h2
= c0 +

X0
cne

inx

 
sinnh2
nh2

!2
has been established, and that the consistency of Riemann summability,

(3.8) lim
h!0

c0 +

0X
cne

inx

 
sinnh2
nh2

!2
= 0

has been shown. The next step is to prove this lemma.

Lemma 3.7. If F (x) is continuous and if limh!0
F (x+h)�2F (x)+F (x�h)

h2 = 0 for all
x; then F (x+ 2�)� 2F (x) + F (x� 2�) = 0 for all x:

Use this lemma and set h = 2� in identity (3.7) to see that c0 = 0: The �rst new
idea is to �nish the proof by desymmetrizing this conclusion: it also follows that
all the other c�s are zero. To see this, �x an integer j: Our assumption (3.6) is that

lim
N!1

NX
n=�N

cne
inx = 0 for all x:

Now consider the shifted series
P
cn+je

inx: If this also converges to zero everywhere,
then cj also is zero and, since j was arbitrary, the proof is complete. But if j > 0;
then for N large
NX

n=�N
cn+je

inx = �
�N+j�1X
k=�N

cke
i(k�j)x+e�ijx

 
NX

k=�N
cke

ikx

!
+

N+jX
k=N+1

ck�je
i(k�j)x:

As N tends to in�nity, the �rst and third sums have �xed length and hence tend
to zero by the Cantor-Lebesgue result. That the middle sum tends to zero also is
exactly our assumption. The case of j < 0 is done in a similar way. It only remains
to prove Lemma 3.7. The usual proof uses the maximum principle and is very
quick. To �nd a proof that would be independent of dimension a new technique
which avoids the maximum principle was found. We will only sketch it here, but
the details can be found in [A2].
Proof of Lemma 3.7. Fix x0 and "0 > 0: It is enough to prove

(3.9)
jF (x0 + 2�)� 2F (x0) + F (x0 � 2�)j

(2�)2
< "0:

We will associate to F a function F of 2 real variables. First, identify the point
x 2 R with the line having slope �1 and passing through the point (x; x) : Then
let F have the value F (x) at all points of this line. In other words, for every real
k;F(x+ k; x� k) = F (x); or, equivalently, F(x; y) = F (x+y2 ): Thus we �rst think
of the domain of F as being the line y = x; and then create F from F in the real-
valued case by sweeping the graph of F through three-dimensional space parallel
to the vector (�1; 1; 0) : (When F is complex-valued, this last visualization has to
be applied to its real and imaginary parts separately.) Whenever we want to move
from F to its associated R-domained function F; we will use the terms shadow
and project. The shadow of a point (x; y) is the point x+y

2 or, equivalently, (x; y)
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projects onto the point x+y
2 ; since (x; y) is orthogonally projected onto the point

(x+y2 ; x+y2 ) of the one-dimensional subspace f(x; y) : x = yg and then the point
(x+y2 ; x+y2 ) of that subspace is identi�ed with

x+y
2 : The point of all this is that if S

is a square [a; a+ p]� [b; b+ p]; and if �S is a function de�ned on squares by the
formula �S = F(a; b)�F(a; b+ p)�F(a+ p; b)+F(a+ p; b+ p); then �S also has
the representation F (x+ h)� 2F (x) +F (x� h) where x = a+b+p

2 and h = p
2 : Also

jSj ; the area of S is obviously p2 = 4h2; so we have the correspondence

4
�S
jSj =

F (x+ h)� 2F (x) + F (x� h)
h2

:

It is not hard to see that the set function � is additive in the sense that if a square
S (all squares and rectangles to be discussed here will have their sides parallel
to the coordinate axes) is partitioned into nonoverlapping subsquares fSjg; then
�S =

P
j �Sj . This formula allows us to expand a symmetric second di¤erence

with a large h into a sum of symmetric second di¤erences, each of which has a
small h: This is the essential idea behind the entire proof. In other words, the
proof has been translated into the geometric problem of decomposing the square
[x0; x0 + 2�]� [x0; x0 + 2�] into appropriate subsquares. Actually, the situation is
slightly more complicated than this. It turns out that we will need to use rectangles
of bounded eccentricity for our partition elements. We will arbitrarily restrict
ourselves to rectangles of eccentricity bounded by 2: Again, for such a rectangle
R; de�ne �R = F(A) � F(B) � F(D) + F(C) where A and C are the lower
left and upper right corners of R; and B and D are the upper left and lower
right corners of R: The function � is still additive, i.e., if S is partitioned into
nonoverlapping rectangles fRjg; then �S =

P
j �Rj

still holds. Furthermore, if R
is the rectangle [a; a+ p]� [b; b+ q]; then the usual projection from F to F yields
�R = F (x� h)� F (x� k)� F (x+ k) + F (x+ h); where x = a+b

2 + p+q
4 ; h = p+q

4 ;

and k = jp�qj
4 : It is easy to see that the condition of eccentricity bounded by 2

converts into the condition k
h �

1
3 . The area of R is pq =

h2�k2
4 ; so by analogy with

the case of the square, we are naturally led to considering

4
�R
jRj =

F (x� h)� F (x� k)� F (x+ k) + F (x+ h)
h2 � k2 :

The limit of the right side as h and k go to 0 in such a way that 0 � k
h �

1
3 de�nes

a generalized second derivative that was studied by Riemann. From the identity

4
�R
jRj =

F (x� h)� 2F (x) + F (x+ h)
h2

h2

h2 � k2

+
F (x� k)� 2F (x) + F (x+ k)

k2
k2

h2 � k2 ;

and equation (3.7)�(3.8), it follows that

(3.10) lim
h!0

0� k
h�

1
3

4
�R
jRj = 0; for each x:

If we were lucky enough to know that this limit was uniform in x; then the proof
would be easy: just partition the square I = [x0; x0+2�]� [x0; x0+2�] very �nely
into tiny rectangles and then use the additivity of� to reduce the original di¤erence
quotient into a lot of small di¤erence quotients, each with a small value. In fact,



14 J. MARSHALL ASH AND GANG WANG

this almost works, but since the rate at which the limit is reached in equation (3.10)
varies from point to point, the following more delicate argument is needed.
The strategy of the proof is to partition the square I into rectangles fRjg

S
fR0kg

with the property that for each Rj ; 4
j�Rj j
jRj j < "0

2 , while the R
0
k have the property

that
P����R0

k

��� < jIj
4 �

"0
2 : This will be su¢ cient to complete the proof, for � and j�j

are both additive, so that we have

F (x0 + 2�)� 2F (x0) + F (x0 � 2�)
(2�)2

= 4
�I
jIj = 4

P
j �Rj

jIj + 4

P
k�R0

k

jIj = A+B;

where, since fRjg is part of a partition of I;

jAj � 1

jIj
X
j

4

���Rj

��
jRj j

jRj j �
"0
2
� 1jIj

X
j

jRj j �
"0
2
;

and

jBj � 4

jIj �
jIj
4
� "0
2
=
"0
2
:

It is reasonable to believe that such a partitioning can be accomplished in view of
equation (3.10). Carrying out the actual partitioning also uses the fact that there
holds

lim
h!0

F (x+ 2h)� 2F (x+ h) + F (x) = 0; for each x;

and is, unfortunately, quite technical. See [A2] for the details.

3.2. Spherical uniqueness results. Here are the two results in this area.

Theorem 3.8 (Bourgain). Let the multiple trigonometric series T =
P
cme

imx with
x 2 Td be spherically convergent to 0 everywhere. Then all cm are zero.

Theorem 3.9 (Ash-Wang). Let the multiple trigonometric series T =
P
cme

imx with
x 2 Td be spherically convergent to an everywhere �nite f(x) for all x 2 Td and
f(x) 2 L1(Td. Then cm are the Fourier coe¢ cients of f(x).

If d = 2; both of the theorems are due to Shapiro [S] and Cooke [Coo]. For
Theorem 3.8, Bourgain needs to present some major new ideas at one point of the
argument. Theorem 3.9 bulids a little further on the foundation laid by Shapiro
and Bourgain. The proof of Theorem 3.9 will appear elsewhere.
We feel that Bourgain�s quite brilliant argument is a major breakthough in this

area. Since the proof given in Bourgain�s paper is quite brief, we will devote the
reminder of this paper to presenting the details of his proof.

Proof. Let T be spherically convergent to 0 everywhere. First notice that the theo-
rems of Cooke (if d = 2) or Connes (if d � 3) apply. Thus, as in the one dimensional
case, we begin with the much weaker consequence that the coe¢ cients at least tend
to zero in the sense that Connes condition (2.5) holds. But, as we calculated just
above the statement of Shapiro�s theorem, if d = 2; then Connes condition (2.5)
implies Shapiro�s condition (3.1). This fact, together with the consistency of Abel
summability, implies that when d = 2; the hypothesis of Shapiro�s theorem is ful-
�lled, so that Bourgain�s theorem is an immediate corollary of Shapiro�s. Hence we
may as well assume that d � 3:
It is su¢ cient to show a special case of Theorem 3.8 given below.
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Theorem 3.10. If for any x 2 Td,

lim
r!1

X
0<jmj�r

cme
ihx;mi = 0

Then cm = 0 for all m 2 Zd n f0g.

In fact, for all x 2 Td, if

(3.11) lim
r!1

X
jmj�r

cme
ihx;mi = 0;

then replace x by 2x in (3.11), we get

lim
r!1

X
jmj�r

cme
ih2x;mi = lim

r!1

X
jmj�r

cme
ihx;2mi = 0:

So, taking the di¤erence of the above two limits, we have

(3.12) lim
r!1

X
0<jmj�r

~cme
ihx;mi = 0;

where ~cm = cm, if some of the element in m are odd; and ~cm = cm � cm=2, if all of
the elements in m are even. Thus, by Theorem 3.10 and (3.12), we have cm = 0 for
all m 2 I = f some of the element in m are odd g, and cm = cm=2;m =2 I;m 6= 0.
Since for any m 6= 0, m = 2k ~m for some ~m 2 I and k � 0, we have cm = 0 for all
m 6= 0 and consequently c0 = 0 from (3.11).
We now prove Theorem 3.10. De�ne Riemann function F (x) :

(3.13) F (x) = �
X
m6=0

cm
jmj2 e

ihx;mi:

Since
lim
r!1

X
0<jmj�r

cme
ihx;mi = 0 for all x 2 Td;

the series de�ning F (x) is convergent everywhere spherically in Td by simply ob-
serving that

F (x) = �
X
k�1

1

k

X
jmj2=k

cme
ihx;mi = �

X
k�1

0@ X
jmj2�k

cme
ihx;mi

1A ( 1
k
� 1

k + 1
):

Moreover, based on Theorem 2.5, F (x) is in L2(Td) since

(3.14)

 X
m6=0

cm
jmj2 e

ihx;mi
2
2

=
X
k�1

1

k2

X
jmj2=k

jcmj2 �
X
k�1

1

k2
"2p

k
:

Thus, the series is also the Fourier series of F (x).
The goal is to show that F (x) is harmonic in Rd. Once this is true, then by

periodicity, F (x) is bounded in Rd. Thus, F (x) is a constant K because it is
bounded and harmonic. Compare the Fourier coe¢ cients of function g(x) = K
with F (x), we get cm = 0 for all m 6= 0. This will complete the proof.
In order to show that F (x) is harmonic, the �rst step is to introduce the gen-

eralized Laplacian for L1 functions. Let B(x; �) be an open ball in Rd centered
at x 2 T with radius � > 0 and m(B(x; �)) be the volume of B(x; �). Then
m(B(x; �)) = vd�

d, where vd is the volume of unit ball in R. For an L1 function
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F (x), designate A�F (x) = 1
vd�d

R
B(x;�)

F (y) dy to be the average of F over B(x; �).

Let I(x) = 1
vd
IB(0;1)(x) to be the normalized indicator function of the unit ball.

Then the Fourier transform Î(m) of I(x) satis�es the following

(3.15) lim
�!0

Î(�m)� 1
�2jmj2 = �1

2

Z
B(0;1)

x21I(x) dx = �d < 0;

and for jmj = 1

(3.16)
Z 1

0

�����@r
"
Î(�rm)� 1

�2r2

#����� dr =
Z 1

0

�����@r
"
Î(rm)� 1

r2

#����� dr < c:

Note that the constant c in (3.16) is independent of �. The above two equations
can be veri�ed easily by calculus.
We now de�ne the generalized Laplacian operator for a L1 function f(x) to be

~�f(x) = lim
�!0

A�f(x)� f(x)
�2

if such a limit exists. For F (x) de�ned by (3.13), by (3.15) and (3.16),
(3.17)
A�F (x)� F (x)

�2
= �

X
m6=0

cm
jmj2

Î(�m)� 1
�2

eihx;mi

= �
X
k�1

Î(�
p
k)� 1
�2k

X
jmj2=k

cme
ihx;mi

= �
X
k�1

0@ X
jmj2�k

cme
ihx;mi

1A Î(�pk)� 1
�2k

� Î(�
p
k + 1)� 1

�2(k + 1)

!
�! 0 as � �! 0

we have for all x 2 Td. Thus, we have for all x 2 Rd

(3.18) ~�F (x) = 0:

A theorem of Rado [Ra] and (3.18) imply that F (x) is harmonic once it is
continuous everywhere in Rd. By periodicity, it is enough to show that F (x) is
continuous everywhere in Td. Let

(3.19) Z" =

8><>:x 2 Td : sup
jx�xij<�
xi2Td

jF (x1)� F (x2)j > " for all � > 0

9>=>; :

It is easy to see that Z" is a closed set. The discontinuity set of F (x) in Td is

Z =
[
">0

Z":

We will show that Z = ;.
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Assume Z 6= ;. By assumption,
P

jmj�r
cme

ihx;mi is uniformly bounded in r at

each point x of Td, thus[
n�1

\
k�1

8<:x 2 Z : ��� X
jmj2�k

cme
ihx;mi

��� � n

9=; = Z:

By Baire�s category theorem, for some n � 1,\
k�1

8<:x 2 Z :
������
X

jmj2�k

cme
ihx;mi

������ � n

9=;
has a nonempty interior relative to Z. Namely, there exists an open ballB(p; �0); p 2
Z such that

(3.20) max
k

max
x2B(p;�0)\Z

������
X

jmj2�k

cme
ihx;mi

������ � n <1:

Consequently,

F (x) = �
X
k�1

1

k

X
jmj2=k

cm
jmj2 e

ihx;mi = �
X
k�1
(
1

k
� 1

k + 1
)
X

jmj2�k

cme
ihx;mi

is convergent uniformly on B(p; �0) \ Z. Thus, when restricted on B(p; �0) \ Z,
F (x) is continuous. In addition, the arguments given in (3.17) combined with (3.20)
show that

(3.21) jF (x)�A�F (x)j � C�2

uniformly on B(p; �0) \ Z.
We need the following three theorems to show this will lead to a contradiction.
The �rst theorem generalizes a result of Rado [Ra].

Theorem 3.11. Let F be a bounded function de�ned on ball B(p; r) and Z be the
set of discontinuity of F in B(p; r). Suppose for each x 2 B(p; r),
(3.22) ~�F (x) = 0:

If for all x 2 B(p; r) n Z, the harmonic measure
(3.23) !(B(p; r) n Z; @Z; x) = 0;
then F is harmonic on B(p; r) provided that F is continuous when restricted on Z.

For an open set G, the harmonic measure of F � @G related to G at x 2 G,
!(G;F; x), is closely related to Brownian motion. Let fXtgt�0 be the standard
Brownian motion in Rd and (
;F; P x) the be corresponding probability space such
that P x(X0 = x) = 1. Denote T be the stopping time of Xt hitting @G: T =
infft � 0 : Xt 2 @Gg. We use the convention that inf ; = 0. Then the harmonic
measure on @G at x 2 G is the distribution of XT under P x. That is, for F � @G,

!(G;F; x) = P x(XT 2 F ) = ExIF (XT );

where Ex is the expectation operator under P x. If f(x) is a bounded measurable
function de�ned on @G, then

(3.24) Hf (x) = Exf(XT ) =

Z
@G

f(z)P x(XT 2 dz) =
Z
@G

f(z)!(G; dx; z)
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is a harmonic function in G. Moreover, if f is continuous on @G and @G has exterior
cone condition, for example, then Hf is continuous in G and converges to f at every
point of @G. See [H], for example, for details.
An important property regarding harmonic measure is summarized in the follow-

ing lemma. It follows almost immediately from the continuity of Brownian motion
paths.

Lemma 3.12. Let G be a open set and closed set F � G. Suppose Gk is a sequence
of nested open set containing F such that F =

T
k�1

Gk, then for x 2 G nG1,

!(G nGk; @(G \Gk); x) # !(G n F; @F; x) as k �!1:

The second theorem, which is Bourgain�s key contribution, is the following in-
equality.

Theorem 3.13. Let F;B(p; �0) and Z be given above. If p1 2 Z;B(p1; �1) �
B(p; 12�0) and p2 2 B(p1;

1
2�1), then,

(3.25)

jF (p1)� F (p2)j

� c
�h
jF (p1)j+ �

� 3
4 (d�1)

1

i
[1� !(B(p1; �1) n Z; @(Z \B(p1; �1)); p2)]

1
4

+ sup
q2B(p1;2�1)\Z

jF (p1)� F (q)j
�
:

The last theorem is concerning with general harmonic measure again.

Theorem 3.14. Let B(p0; r) be a ball in Rd and F a closed set such that B(p0; r)\
F 6= ;. Suppose for some x 2 B(p0; r) n F ,

!(B(p0; r) n F ; @(B(p0; r) \ F ); x) > 0:
Then there exists p1 2 B(p0; r) \ F , such that

inf
�1>0

lim inf
�2!0

inf
x2B(p1;�2)

!(B(p1; �1) n F; @(B(p1; �1) \ F ); x) = 1:

We will prove these three theorems in Section 4. Now we �nish the proof of
Theorem 3.10.
If for all � > 0,

!(B(p; �0) n Z�; @(B(p; �0) \ Z�); x) = 0
for all x 2 B(p; �0) n Z�, then
!(B(p; �0) n Z; @(B(p; �0) \ Z�); x) � !(B(p; �0) n Z�; @(B(p; �0) \ Z�); x) = 0;

for all x 2 B(p; �0) n Z by the maximum principle. Thus,

!(B(p; �0) n Z; @(B(p; �0) \ Z�); x) = 0:
for all x 2 B(p; �0) n Z and all � > 0. Since Z =

S
�>0

Z�, we have

!(B(p; �0) n Z; @(B(p; �0) \ Z); x) = 0:
Let p1 = p and �1 =

1
2�0 in (3.25) to see that F is bounded on B(p; �04 ). Since

it is also continuous when restricted to B(p; �0) \ Z; (3.18) and the above imply
that the hypotheses of Theorem 3.11, thus, F is harmonic and hence continuous on
B(p; �04 ), which is a contradiction.
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Therefore, for some � > 0, we must have

!(B(p; �0) n Z�; @(B(p; �0) \ Z�); x) > 0
for some x 2 B(p; �0) n Z�. By Theorem 3.14, there exists p1 2 Z� \ B(p; �08 ) such
that

(3.26) inf
�1>0

lim inf
�2!0

inf
x2B(p1;�2)

!(B(p1; �1) n F; @(B(p1; �1) \ F ); x) = 1:

Because F restricted on Z \B(p; �08 ) is continuous, there exists 0 < �1 such that

(3.27) jF (y)� F (p1)j �
"

10
for all y 2 B(p1; 2�1) \ Z:

Let � > 0 be any positive number. By (3.26), there exists 0 < �2 = �2(�) such that

(3.28) !(B(p1; �1) n Z; @(B(p1; �1) \ Z); y) > 1� � for all y 2 B(p1; �2):
Since p1 2 Z", by de�nition, there exists p2 2 B(p1; �2), such that

jF (p1)� F (p2)j �
"

2
:

Applying Theorem 3.13 with �1 = �1, by (3.27)-(3.28) and the above inequality, we
have

"

2
� jF (p1)� F (p2)j � [jF (p1)j+ �

� 3
4 (d�1)

1 ]�1=4 +
"

10
:

This is also a contradiction by letting � ! 0. Thus we complete the proof provided
we can show the above three theorems. �

4. Proofs of Theorems 3.11�3.14

4.1. Proof of Theorem 3.11. Denote the average of F on the surface of B(x; �)
by

S�F (x) =
1

�d�d�1

Z
@B(x;�)

F (z) d�(z);

where � is the surface measure, and �d = dvd is the surface area of unit ball in R.
Then,

(4.1) A�F (x) =
d

�d

Z �

0

S�F (x)�
d�1 d�:

For any � > 0 and x 2 B(p; r), by (3.22) there exists 0 < �0 = �0x;� < r � jx � pj
such that for any � < �0; jF (x)�A�F (x)j � ��2. Thus, by (4.1), for any � < �0, we
have Z �

0

[F (x)� S�F (x)� a��2]�d�1 d� � 0

where a = d+2
d . So there exists � = �x;�;� � �, such that F (x) � S�F (x) � a��2.

Consequently, for any � > 0 and x 2 B(p; r), there exists a sequence of �n = �x;�(n)
decreasing to 0 such that

(4.2) F (x)� S�nF (x) � a��2n for all n � 1:
Let B(q; �1) � B(p; r). We show for y 2 B(q; r1) n Z

(4.3)

F (y) =

Z
@B(q;r1)

F (z)!(B(q; r1); dz; y)

=
1

�dr1

Z
@B(q;r1)

r21 � jq � yj2
jz � yjd F (z) d�(z):
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If (4.3) holds, then for q 2 Z, by (4.2), there exists a decreasing sequence r1(n)
of positive numbers going to 0 such that for each n

(4.4) F (q)� 1

�dr
d�1
1 (n)

Z
@B(q;r1(n))

F (z) d�(z) � r21(n):

So combining (4.3) and (4.4), by the mean value theorem and the boundedness of
F ,
(4.5)

F (q)� F (y) � 1

�dr1(n)

Z
jz�qj=r1(n)

���� 1

rd�21 (n)
� r21(n)� jq � yj2

jz � yjd

���� jF (z)jd�(z)
+ r21(n)

� c
jq � yj
r1(n)

+ r21(n)

if jy � qj < 1
2r1(n). Let y ! q and then let n!1 to see that (4.5) implies that

(4.6) lim inf
y!q

y2B(p;r)nZ

F (y) � F (q):

Note if F satis�es the condition of Theorem 3.11, then so does �F . So apply (4.6)
to �F , then

lim inf
y!q

y2B(p;r)nZ

F (y) � F (q):

This implies that
lim
y!q

y2B(p;r)nZ

F (y) = F (q):

Since F restricted to Z is continuous, F is continuous at q. Hence, Z = ;. Thus,
we have representation (4.3) for all y 2 B(p; r). Consequently, F is harmonic.
To show (4.3), it is enough to show for y 2 B(q; r1) n Z,

(4.7) F (y) �
Z
@B(q;r1)

F (z)!(B(q; r1); dz; y);

because if (4.7) holds for F then so does �F since they both satis�es the assumption
of the Theorem 3.11.
Let fXtgt�0 be the standard Brownian motion starting from y 2 B(q; r1) nZ in

probability space (
;F; P y). De�ne

T = infft � 0 : Xt 2 @B(q; r1)g

to be the exit time of Xt from B(q; r1). Then (4.7) is equivalent to

(4.8) F (y) � Ey[F (XT )]:

Our next goal is to show that for any stopping time S � T ,

(4.9) P y(XS 2 Z) = 0:

Let R be the �rst hitting time of Xt with @(B(q; r1) n Z): R = infft � 0 : Xt 2
@(B(q; r1) n Z)g. Then R � T . We �rst show a special case of (4.9):

(4.10) P y(XT 2 Z) = 0:
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Note by (3.23) and the maximum principle, for y 2 B(q; r1) n Z,

(4.11)

0 = !(B(p; r) n Z; @Z; y)
� !(B(q; r1) n Z; @(B(q; r1) \ Z); y)
= P y(XR 2 Z):

Furthermore, since fR < Tg � fXR 2 @Zg, so P y(R < T ) � P y(XR 2 @Z) = 0.
Thus, by (4.11) we have

P y(XT 2 Z) = P y(XT 2 Z;R = T ) + P y(XT 2 Z;R < T )

� P y(XR 2 Z) + P y(R < T )

= 0:

We now show (4.9) for general stopping time S. By Lemma 3.12, for any � > 0,
there exists an open set G such that Z � G and

(4.12) !(B(p; r) nG; @(B(p; r) \G); y) < �:

De�ne a function u on B(p; r) as following:

u(x) =

8><>:
!(B(p; r) nG; @(B(p; r) \G; x); on x 2 B(p; r) nG;
1; on B(p; r) \G;
0; on @B(p; r) n @(B(p; r) \G):

Then u is superharmonic on B(p; r). Let ~rn be an increasing sequence going up to
r and y 2 B(p; ~r1). Denote Tn to be the exit time of Xt from B(p; ~rn). Clearly Tn
is increasing and convergent to T . Since Brownian motion is continuous, we have

fXS 2 Z; S < Tg �
\
n�1

fXS^Tn 2 Z; S < Tg;

where S ^ Tn = minfS; Tng. So (4.9) is implied by

(4.13) P y(XS^Tn 2 Z) = 0; for each y;

since by (4.12)

P y(XS 2 Z) = P y(XS 2 Z; S = T ) + P y(XS 2 Z; S < T )

� P y(XT 2 Z) + P y(XS 2 Z; S < T )

� lim
n!1

P y(XS^Tn 2 Z; S < T ):

For a superharmonic function u and for each n � 1, there exists a sequence of
increasing superharmonic functions fujg such that uj 2 C2 and

(4.14) lim
j!1

uj = u on B(p; ~rn)

(see, for example, Theorem 4.20 of [H]). Applying Itô�s formula to uj(XS^Tn), we
have Ey[uj(XS^Tn)] � uj(y). Let j go to in�nity and apply (4.14) to see that
Ey[u(XS^Tn)] � u(y). Consequently

� � u(y) � Ey[u(XS^Tn)] � P y(XS^Tn 2 B(p; r) \G) � P y(XS^Tn 2 Z):

This proves (4.13) by letting � ! 0.
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As a consequence of (4.9), since F is continuous on B(p; r) n Z, we have almost
everywhere with respect to the probability measure P y

(4.15) lim
n!1

F (XSn) = F (XS1) if Sn " S1 � T:

Let � > 0. Consider a family of stopping times

S = fS � T : F (y)� EyF (XS) � a�Eyjy �XS j2g:
De�ne S0 = infft � 0 : jXt � yj � �y;�g. Then XS0 is uniformly distributed on
@B(y; �y;�). So by (4.2), we have F (y) � EyF (XS0) � a�Eyjy � XS0 j2. Thus
S0 2 S and S is not empty.
For a sequence of increasing stopping times Sn in S, let S1 = lim

n�1
Sn. Then by

(4.15)) and boundedness of F on B(p; r), we have F (y)� EyF (XS1) � a�Eyjy �
XS1 j2. So S1 2 S. Thus by Zorn�s lemma, there exists S� 2 S such that S� is
a maximum of S. We show S� = T . If S� < T with positive P y probability, then
de�ne

S�1 = inffT � t � S� : jXt �XS� j � �XS� ;�
g;

where for x 2 @B(p; r), de�ne �x;� = 0. Then, clearly, S�1 � S� with strict
inequality on fS� < Tg. On the other hand, conditional on XS� , XS�1

is uniformly
distributed on the surface of B(XS� ; �XS� ;�

), if S� < S�1 . So by (4.2)

F (XS�)� EXS�F (XS�1
) = F (XS�)� S�XS� ;�F (XS�)

� a�j�XS� ;�
j2

= a�EXS� jXS� �XS�1
j2:

Hence, by the above the strong Markovian property, orthogonality between XS�1
�

XS� and XS� � y, and S� 2 S, we have
F (y)� EyF (XS�1

) = F (y)� EyF (XS�) + E
y[F (XS�)� F (XS�1

)]

� a�Eyjy �XS� j2 + a�Ey[EXS� jXS� �XS�1
j2; S� < S�1 ]

= a�Eyjy �XS�1
j2:

Thus S�1 2 S. This contradicts the maximality of S� in S since S�1 � S� and
S�1 6= S�. Thus we must have T 2 S. So

F (y)�
Z
@B(q;r1)

F (z)!(B(q; r1); dz; y) = F (y)� EyF (XT )

� a�EyjXT � yj2

� 4a�r21:
This implies (4.7) by letting � ! 0. The proof is complete.

4.2. Proof of Theorem 3.13. To better analyze F (x) on B(p; �0), we decompose
it as follows. For k � 1, de�ne

(4.16) Fk = �
X

2k�1�jmj<2k
cme

ihx;mi:

Then

(4.17) F (x) =
X
k�1

Fk(x):
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Our �rst lemma is for general multiple trigonometric polynomials and it is well
known.

Lemma 4.1. Let x = (x1; � � � ; xd) and

M1h(x) = sup
�>0

1

2h

Z
jx1�z1j�h

jh(z)j dz1

be the maximum function of h(x) =
P

jmj�n
cme

ihx;mi with respect to x1, where

fcmgm2Z is a sequence of complex numbers. Then there exists a constant C, de-
pendent on c only, such that jh(x)j � CM1h(y) if jx� yj � c

n .

Proof. Consider the Fejer kernel

�n(x) =
1

2n+ 1

sin2
�
(2n+1)x1

2

�
sin2

�
x1
2

� :

Then the Fourier coe¢ cients of �n is 1 for jm1j � n, and for all x 2 Td, �n(x) �
minf2n + 1; 4

(2n+1)x21
g � 2n

1+(nx1)2
=  n(x). Since the Fourier coe¢ cients of h is

zero when jmj > n, we have

(4.18) h(x) = b

Z
T

h(z1)�n(x1 � z1) dz1;

where b = 1
2� .

Now �x x and y such that jx � yj � c=n. Then jx1 � y1j � c=n. By (4.18), for
some constant C depends on c and d only which may change from line to line, we
have

jh(x)j � b(2n+ 1)

Z
njy1�z1j<2c

jh(z1)j dz1 + b
Z
njy1�z1j>2c

jh(z1)jj�n(x1 � z1)j dz1

� C
�
M1h(y) +

X
k�2

max
njwj�(k�1)c

 n(w)

Z
kc�njy1�z1j�(k+1)c

jh(z1)j dz1
�

� CM1h(y)

�
1 +

X
k�2

�
k

1 + ((k � 2)n)2 �
k

1 + ((k � 1)n)2

��
� CM1h(y):

This proves the lemma. �
The next lemma is for the special multiple trigonometric polynomials de�ned at

the beginning of the section.

Lemma 4.2. Let 0 < r < 2 and let B(p1; �1) be any open ball contained in
1
2T

d

and let
Fk(x) =

X
2k�1�jmj<2k

cm
jmj2 e

ihx;mi

be a multiple trigonometric polynomial. If

(4.19) sup
r
"2r =

X
jmj=r

jcmj2 �M <1;

then Z
@B(p1;�1)

jFk(x)jr d�(x) � c(M + 1)2�
rk
2
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for a constant c independent of k; r;M; p1 and �1.

As a corollary of Lemma 4.2, if F (x) =
P
k�1

Fk(x), using the triangle inequality,

when 1 < r < 2, we get Z
@B(p1;�1)

jF (x)jr d�(x)
!1=r

�
X
k�1

 Z
@B(p1;�1)

jFk(x)jr d�(x)
!1=r

� c(M + 1)
X
k�1

1

(
p
2)k

<1:
When 0 < r < 1, we haveZ

@B(p1;�1)

jF (x)jr d�(x) �
X
k�1

Z
@B(p1;�1)

jFk(x)jr d�(x):

Thus we have shown

Corollary 4.3. Let 0 < r < 2 and B(p1; �1) be any open ball contained in
1
2T

d.
For a sequence of complex numbers fcmgm2Td satisfying

(4.20) sup
R

"2R =
X
jmj=R

jcmj2 �M <1;

the L2 function de�ned by

(4.21) F (x) =
X
jmj6=0

cm
jmj2 e

ihx;mi

satis�es Z
@B(p1;�1)

jF (x)jr d�(x) < c(M + 1) <1;

where c is independent of M;p1 and �1.

Proof. Let E = Ek; a set of 2�k-separated points x 2 @B(p1; �1) satisfying
jFk(x)j > . Use jEj to denote the cardinality of E. Then by Lemma 4.1 and
maximum function inequality, we have

jEj2 �
X
x2E

jFk(x)j2 � cvd2
kd
X
x2E

Z
B(x;2�k)

jM1Fk(y)j2 dy

� cvd2
kd

Z
Td
jM1Fk(y)j2 dy � c2kd

Z
Td
jFk(y)j2 dy

� c2kd
X

22k�2�n<22k

1

n2
"2pn � c2k(d�2)�2k

where

(4.22) �2k = 2
�2k

X
22k�2�n<22k

"2pn �M for all k � 1:

Thus,

(4.23) jEj � c�22k(d�2)M:
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Consequently,

(4.24) �fjFk(x)j > g � c2�k(d�1)jEj � c�22�kM:

Thus, use the fact that �fjFk(x)j > g � �f@B(p1; �1)g � c for any  > 0 and the
above, we have,Z

@B(p1;�1)

jFkjrd� = r

Z 1

0

r�1�fjFk(x)j > g d

= r

Z 2�k=2

0

r�1�fjFk(x)j > g d

+ r

Z 1

2�k=2
r�1�fjFk(x)j > g d

� c(M + 1)2�
r
2k:

This �nishes the proof. �

The next lemma describes the �continuity" property of the average function
A�F under the condition (2.5). Shapiro showed A�F (x) is equi-continuous in � as
a function of x under the his condition (3.1) (See Lemma 5 of [S]). Such a strong
condition may not hold under (2.5), but we have the following result.

Lemma 4.4. Let F;Z; p1; p2 be given in Theorem 3.13. For � � � , where the
quantity � = dist(p2; Z) � 1

2�1, de�ne

G� = fx 2 B(p1; �1) : dist(x; Z) < �g:
For each x 2 @G�, let ~x 2 Z be such that jx� ~xj = �. Then

lim
�!0

Z
@(G�\B(p1;�1))

jA�F (x)�A�F (~x)j!(B(p1; �1) nG�; dx; p2) = 0

Proof. It is su¢ cient to show that

(4.25) lim
�!0

Z 1

0

!(B(p1; �1) nG�; S�; p2) d� = 0;

where

(4.26) S� = fx 2 @(G� \B(p1; �1)) : jA�F (x)�A�F (~x)j > �g:
For a sequence of positive numbers f�kgk�1 to be chosen later such that � �P
k�1 �k, we denote

(4.27) S�;�k = fx 2 @(G� \B(p1; �1)) : jA�Fk(x)�A�Fk(~x)j > �kg:
We analyze S�;�k �rst. If x 2 S�;�k , by the mean value theorem, there exists

x 2 B(p1; 2�1), such that jrA�Fk(x)j > ��1�k. Therefore

(4.28) S�;�k � S0�;�k = fx 2 B(p1; �1) : jrA�Fk(x)j >
�k
�
g:

Use complex analysis and contour integral, we have

Îd(m) = O(jmj�
d+1
2 ) as jmj �! 1:

Thus, rA�Fk2
2
� c�2k sup

2k�1�jmj<2k
jÎ(�jmj)j2 �

(
c�2k(�2

k)�(d+1); �2k > 1

c�2k; �2k � 1
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where �k is de�ned in (4.22). Hence, use (4.28) and apply Lemma 4.1 and the
maximum function inequality, a similar argument leading to (4.23) shows that the
number of radius 2�k balls covering S0�;�k , jEkj, is bounded by

(4.29) jEkj �
(
c��2k �2k�

�d+12�k; �2k > 1;

c��2k �22kd�2k; �2k � 1:

Now we are back to (4.25). Let � < �0 � � , �0 to be speci�ed later. Consider
the following three cases.

Case (i): ��1 � 2k
Enlarge the ball of radius 2�k to radius �. Then by (4.29), there is a covering

of S�;�k by at most c�
�2
k �2k�

�d+12�k many balls of radius �. Hence

(4.30)
!(B(p1; �1) nG�; S�;�k ; p2) � c��2k �2k�

�d+12�k
��
�

�d�2
<

c

�d�2
(��2k �2k(�2

k)�1):

To see why the �rst inequality follows, note if B(p3; �3) � B(p1; �1) and x 2
B(p1; �1) n (B(p3; �3) \G�), then

(4.31)

!(B(p1; �1) nG�;@(B(p3; �3) \G�); x)
� !(B(p1; �1) nB(p3; �3); @B(p3; �3); x)

� �d�23

jx� p3jd�2
:

by the maximum principle for harmonic functions. Now use the fact that the
covering ball of S�;�k centered at p3 of radius � is at least � � 2� > 1

2� away from
p2 since dist(p2; Z) = � � �, and �3 = �, the �rst inequality of (4.30) follows easily
from (4.31).

Case (ii): ��10 � 2k < ��1

By (4.29) and (4.31) with �3 = 2
�k, we have

(4.32)
!(B(p1; �1) nG�; S�;�k ; p2) � c��2k �2k�

22kd(
1

2k�
)d�2

=
c

�d�2
(��2k �2k(�2

k)2):

Case (iii): 2k < ��10
In this case, �0 < 2�k. Use Lemma 4.1, the maximal function inequality and

(4.28), it is easy to see that there are at most c��2k �2�2k�
�d
0 balls of radius �0

covering S�;�k . Thus, by (4.31) with �3 = �0

(4.33)

!(B(p1; �1) nG�; S�;�k ; p2) � c��2k �2k�
2��d0

��0
�

�d�2
=

c

�d�2

 
��2k �2k

�
�

�0

�2!
:
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Combining (4.30), (4.32) and (4.33), it follows from S� �
S
k�1

S�;�k that

(4.34)

!(B(p1; �1) nG�; S�; p2) �
c

�d�2

8<: X
2k���1

��2k �2k(2
k�)�1

+
X

��10 �2k<��1
��2k �2k(�2

k)2 +
X

2k<��10

��2k �2k(�=�0)
2

9=; :

Now choose �0 = �1=2 and let

�k =

(
c�[log(1 + 2k�)]�2; for 2k � ��1

c�[log(1 + 2�k��1)]�2; for 2k < ��1

The positive constant c is so chosen that
P
k�1

�k � 2c�
P
n�0

(log(1 + 2n))�2 � �. It

is easy to see that c can be an absolute constant independent of �.
Let k0 be the smallest integer such that 2k0 � ��1. Then

(4.35)

X
2k���1

��2k �2k(2
k�)�1 =

X
k�k0

��2k �2k(2
k�)�1

� c��2 max
2k���1

�2k
X
n�0

(log(1 + 2n+1))4

2n

� c��2 max
2k���1

�2k:

Similarly

(4.36)

X
��1=2�2k<��1

��2k �2k(�2
k)2 �

X
��1=2�2k<��1

��2k �2k(2
k�)2

� c��2 max
2k���1=2

�2k
X
n�0

(log(1 + 2n))4

4n

� c��2 max
2k���1=2

�2k

Finally,

(4.37)
X

2k<��1=2

��2k �2k(�=�0)
2 � c��2�(log

1

�
)5

since there are at most log 1� many terms in the sum and each summand is bounded
by log(1 + ��1=2). Thus, from (4.35)-(4.37), we have

(4.38) !(B(p1; �1) nG�; S�; p2) �
c

�d�2
��2

�
max

2k>��1=2
�2k + �(log

1

�
)5
�

Consequently, for any given � , by choosing

�� =

�
max

2k>��1=2
�2k + �(log

1

�
)5
�1=2
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we have,Z
@G�\B(p1;�1)

jA�F (x)�A�F (~x)j!(B(p1; �1) nG�; dx; p2)

=

Z 1

0

!(B(p1; �1) nG�; S�; p2) d�

�
Z ��

0

d�

+
c

�d�2

�
max

2k>��1=2
�2k + �(log

1

�
)5
�Z 1

��

��2 d�

=
� c

�d�2
+ 1
��

max
2k>��1=2

�2k + �(log
1

�
)5
�1=2

! 0 as �! 0

since �k ! 0 as k !1. �
The last lemma of this section is an analogue of Lemma 4.4 for the function F .

Lemma 4.5. Let p1; p2; �1; and G� be given in Lemma 4.4. ThenZ
@B(p1;�1)

jF (p1)� F (x)j!(B(p1; �1 nG�; dx; p2)

� c
h
jF (p1) + �

� 3
4 (d�1)

1

i
[1� !(B(p1; �1) n Z; @(Z \B(p1; �1)); p2)]

1
4 :

Proof. Denote

I1 =

Z
@B(p1;�1)

jF (p1)� F (x)j!(B(p1; �1 nG�; dx; p2):

Let T be the hitting time of Brownian motion Xt on @B(p1; �1), and T� be the
hitting time on @(B(p1; �1)nG�) starting from p2 2 B(p1; �1)nG�. Then T = T��T� ,
where � is a transformation on Xt:

�t(Xs) = Xs+t:

Use the strong Markovian property of Brownian motion, for S � @B(p1; �1) \
@(B(p1; �1) nG�), we have

!(B(p1; �1); S; p2) = P p2(XT 2 S)
= Ep2(PXT� (XT 2 S))

=

Z
@(B(p1;�1)nG�)

P x(XT 2 S)!(B(p1; �1) nG�; dx; p2)

�
Z
S

P x(XT 2 S)!(B(p1; �1) nG�; dx; p2)

= !(B(p1; �1) nG�; S; p2):
The last equality is because P x(XT 2 S) = 1 when x 2 S. Since

!(B(p1; �1) nG�; S; p2) = P p2(XT� 2 S) = 0;
if S \ @(B(p1; �1) nG�) = ;, we have for S � @B(p1; �1),

(4.39) !(B(p1; �1); S; p2) � !(B(p1; �1) nG�; S; p2):
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Thus, the harmonic measure !(�) = !(B(p1; �1) n G�; �; p2) is absolutely con-
tinuous with respect to !1(�) = !(B(p1; �1); �; p2) when restricted to @B(p1; �1),
and the Radon-Nikodym derivative

d!

d!1
is bounded by 1. But the harmonic mea-

sure !1(�) = !(B(p1; �1); �; p2) is absolutely continuous with respect to the surface
measure � of @B(p1; �1) and the Radon-Nikodym derivative is the Poisson kernel:

!(B(p1; �1); S; p2) =
1

�1

Z
S

�21 � jp2 � p1j2
jx� p2jd

d�(x):

Since jp1 � p2j � 1
2�1, the Poisson kernel

1

�d�1

�21 � jp2 � p1j2
jx� p2jd

� c�
�(d�1)
1 if x 2 @B(p1; �1);

so when restricted on @B(p1; �1), the harmonic measure !(�) = !(B(p1; �1) n
G�; �; p2) is absolutely continuous with respect to the surface measure �(�). More-
over the Radon-Nikodym derivative satis�es

(4.40)
d!

d�
=

d!

d!1

d!1
d�

� c�
�(d�1)
1 :

By Corollary 4.3 with r = 4
3 , (4.40), and Hölder�s inequality, we have

jI1j � jF (p1)j!(B(p1; �1) nG�; @B(p1; �1); p2) + jjF jjLr(d�)
d!
d�


Lr0 (d�)

� jF (p1)j!(B(p1; �1) nG�; @B(p1; �1); p2) + c
d!
d�


L4(d�)

� jF (p1)j!(B(p1; �1) nG�; @B(p1; �1); p2)
1
4

+ c

0B@ Z
@B(p1;�1)

��d!
d�

��3 d!
1CA

1
4

� jF (p1)j!(B(p1; �1) nG�; @B(p1; �1); p2)
1
4

+ c�
� 3
4 (d�1)

1 !(B(p1; �1) nG�; @B(p1; �1); p2)
1
4

� c
h
jF (p1) + �

� 3
4 (d�1)

1

i
[1� !(B(p1; �1) n Z; @(Z \B(p1; �1)); p2)]

1
4

since
!(B(p1; �1) nG�; @B(p1; �1); p2)

= 1� !(B(p1; �1) nG�; @(B(p1; �1) \G�); p2)
� 1� !(B(p1; �1) n Z; @(B(p1; �1) \ Z); p2):

The last inequality follows from Lemma 3.12. �

We now prove Theorem 3.13. Let p1; �1; p2; � ; G� be given in Lemma 4.4. It is
clear that Z \ B(p1; �1) � G�. By Theorem 3.11, F is harmonic on B(p1; �1) n Z.
Thus, F (p1)� F (x) is harmonic on B(p1; �1) nG�. Consequently, we have

F (p1)� F (p2) =
Z

@(B(p1;�1)nG�)

[F (p1)� F (x)]!(B(p1; �1) nG�; dx; p2)
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Therefore

jF (p1)� F (p2)j �
Z

@B(p1;�1)

jF (p1)� F (x)j!(B(p1; �1) nG�; dx; p2)

+

Z
@(B(p1;�1)\G�)

jF (p1)� F (x)j!(B(p1; �1) nG�; dx; p2)

= I1 + I2:

Applying Lemma 4.5 to I1, we get the �rst half of (3.25). To estimate I2, for each
x 2 @G�, let ~x = ~x(x) 2 Z be such that j~x�xj = �. Thus, for x 2 @(G�\B(p1; �1)),
by the triangle inequality, j~x� p1j < j~x� xj+ jx� p1j � �+ �1 < 2�1 and

(4.41) jF (p1)� F (x)j � sup
q2Z\B(p1;2�1)

jF (p1)� F (q)j+ jF (x)� F (~x)j:

Since x 2 @G�, B(x; �) \ Z = ;. Thus, by harmonicity
(4.42) F (x) = A�F (x):

From (3.21),

(4.43) jF (~x)�A�F (~x)j � C�2

uniformly for all ~x 2 Z \B(p1; 2�1). Hence, by (4.42) and (4.43),
jF (x)� F (~x)j � jA�F (x)�A�F (~x)j+ C�2:

Apply Lemma 4.4 and (4.41) to see that jI2j � sup
q2Z\B(p1;2�1)

jF (p1) � F (q)j. This

completes the proof.

4.3. The Proof of Theorem 3.14. We need the following lemma.

Lemma 4.6. Let B be a ball and let F be a closed set such that F � 1
3B. If

!(B nF; @F; x) > 0 for some x 2 B nF , then for any � > 0, there exists p 2 F and
~� > 0, such that

!(B n F; @F; z) > 1� � for all z 2 B(p; ~�):

Proof. By Lemma 3.12, there exists an open set G � 2
5B such that for a positive

number �1 to be chosen later,

(4.44) !(B nG; @G; x) < (1 + �1)!(B n F; @F; x):
Let Xt be the standard Brownian motion starting from x in probability space

(
;F; P x). De�ne hitting times

T = infft � 0 : Xt 2 @B [ @Gg;
S = infft � 0 : Xt 2 @B [ @Fg:

Then T � S and S = S � �T . Thus by the strong Markovian property, we have

(4.45)

!(B n F; @F; x) = P x(XS 2 @F )
= Ex[PXT (XS 2 @F )]

=

Z
@G

!(B n F; @F; z)!(B nG; dz; x)

� sup
z2@G

!(B n F; @F; z)!(B nG; @G; x):
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Combining (4.44) and (4.45), we have sup
z2@G

!(B nF; @F; z) > 1��1. So there exists

y 2 @G such that

(4.46) !(B n F; @F; y) > 1� �1:

Let � = dist(y; F ). Note 1 � !(B n F; F; x) is a positive harmonic function on
B(y; �). For 0 < � < 1 to be speci�ed later, use Harnack inequality for positive
harmonic functions, we have for all z 2 B(y; ��),

1� !(B n F; @F; z)
1� !(B n F; @F; y) � c�

where c� is a constant depending on � only. Thus, from (4.46), we have

(4.47) !(B n F; @F; z) > 1� c��1 if z 2 B(y; ��):

Moreover, since G � 2
5B, there exists C1 such that B(y; C1�) � B. Thus, by the

maximum principle for harmonic functions,

(4.48)

!(B nB(y; ��); @B(y; ��); x) � !(B(y; C1�) nB(y; ��); @B(y; ��); x)

=

�
(C1�)

d�2

jx� yjd�2 � 1
�

�d�2

Cd�21 � �d�2

for x 2 B(y; C1�) nB(y; ��). Consequently, for any c such that 0 < � < 1 < c < C1
and x 2 B(y; c�) nB(y; ��), by (4.48) we have

(4.49) !(B nB(y; ��); @B(y; ��); x) � (C1=c)
d�2 � 1

(C1=�)d�2 � 1
:

Now choose 0 < � < 1 and C1 > c > 1 with both � and c close enough to 1 to force

(4.50)
(C1=c)

d�2 � 1
(C1=�)d�2 � 1

> 1� �

2
:

Next choose �1 = �1(�) such that

(4.51) 1� c��1 > 1�
�

2
:

Denote F1 = F [B(y; ��). Then @F1 = @F [@B(y; ��) and @F \@B(y; ��) = ;. For
z 2 B(y; c�) n B(y; ��), combining the strong Markovian property, (4.47), (4.50),
(4.51) with an argument similar to the one which led to (4.45), we have

(4.52)

!(B n F; @F; z) =
Z
@F1

!(B n F; @F; x)!(B n F1; dx; z)

=

Z
@F

!(B n F; @F; x)!(B n F1; dx; z)

+

Z
@B(y;��)

!(B n F; @F; x)!(B n F1; dx; z)

� !(B n F1; @F; z) + (1� c��)!(B n F1; @B(y; ��); z)
� (1� c��1)!(B n F1; @F1; z)
� (1� c��1)!(B nB(y; ��); @B(y; ��); z)
� 1� �:
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The last but one inequality is from the maximum principle for harmonic functions
since B(y; ��) � F1. Let p 2 F such that jp� yj = � = dist(y; F ). Then B(p; ~�) �
B(y; c�) nB(y; ��) for any ~� < minf(1� �)� ; (c� 1)�g. Consequently, from (4.52),

(4.53) !(B n F; @F; z) � 1� � for z 2 B(p; ~�):

This proves the lemma. �

We now prove Theorem 3.14
We need to �nd p1 2 B(p0; r)\F , such that for any 1 > � > 0 and �1 > 0, there

exists 0 < �2 = �2(�) < �1, such that

(4.54) !(B(p1; �1) n F; @(B(p1; �1) \ F ); x) > 1� �

for all x 2 B(p1; �2).
Note by the maximum principle for harmonic functions, for �xed x and �2, the

left hand side of (4.54) is an increasing function of �1, thus (4.54) is implied by
the following: There exists p1 2 B(p0; r) \ F and a sequence of positive numbers
�n > ~�n decreasing to 0, such that

(4.55) !(B(p1; �n) n F; @(B(p1; �n) \ F ); x) > 1�
1

n

for all x 2 B(p1; ~�n).
To prove (4.55), note !(B(p0; r)nF; @(B(p0; r)\F ); x) > 0 implies for any � > 0,

there exists a ball B� = B(q; r0) � B(p0; r) such that !(B(p0; r) n F; @(�B(q; r0) \
F ); x) > 0. Choose 0 < "1 � 1

9 such that (9"1)
d�2 < 1=4. Let F1 = "1B \ F ,

where B = B�1 = B(q; r0). Denote B0 = B(p0; r). Apply Lemma 4.6, there exists
q1 2 F1, and ~�1 > 0 such that B(q1; ~�1) � "1B and

(4.56) !(B0 n F1; @F1; z) > 3=4

for all z 2 B(q1; ~�1), since F1 = "1B \ F � B(q1; 2"1r
0) � B(q1;

2
9r
0) � 1

3B. If
z 2 B(q1; ~�1), by the strong Markovian property and (4.56),

(4.57)

3=4 � !(B0 n F1; @F1; z)

=

Z
@B(q1;

2
9 r

0)[@F1
!(B0 n F1; @F1; x)!(B(q1;

2

9
r0) n F1; dx; z)

� sup
x2@B(q1; 29 r0)

!(B0 n F1; @F1; x) + !(B(q1;
2

9
r0) n F1; @F1; z)

� 1=4 + !(B(q1;
2

9
r0) n F1; @F1; z)

where the last inequality holds because when x 2 @B(q1; 29r
0)

!(B0 n F1; @F1; x) � !(B0 nB(q1; 2"1r0); @B(q1; 2"1r0); x)

� (2"1r
0)d�2

jx� q1jd�2

� (9"1)d�2

� 1

4
:
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by (4.31) and the choice of "1. So

(4.58) !(B(q1;
2

9
r0) n F1; @F1; z) > 1=2 on z 2 B(q1; ~�1):

By the maximum principle again,

(4.59) !(B(q1;
2

9
r0) n (B(q1; 2"1r0) \ F ); @(B(q1; 2"1r0) \ F ); z)

� !(B(q1;
2

9
r0) n F1; @F1; z) � 1=2

for z 2 B(q1; ~�1). Thus, we have shown that there exists q1 2 B(q; r0) \ F , 1 =
2
9r
0 > �1 = 2"1r

0 > ~�1 =
~�1 > 0 such that

!(B(q1; 1) n (B(q1; �1) \ F ); @(B(q1; �1) \ F ); z) � 1=2 for all z 2 B(q1; ~�1):

By choosing ~�1 small enough and taking note of (4.56), we see that we can require�
�1+~�1
1�~�1

�d�2
� 1

2 .

Repeat the above process with B(p0; r) is replaced by B(q1; ~�1), we can �nd
q2 2 B(q1; ~�1) \ F; 29~�1 > 2 > �2 > ~�2 > 0 such that

!(B(q2; 2) n (B(q2; �2) \ F ); @(B(q2; 2) \ F ); z) � 3=4 for all z 2 B(q2; ~�2):

and
�
�2+~�2
2�~�2

�d�2
� 1

4 .

In general, for any n � 1, there exists qn 2 B(qn�1; ~�n�1) \ F , 29~�n�1 > n >
�n > ~�n > 0, such that

(4.60) !(B(qn; n) n (B(qn; �n) \ F ); @(B(qn; �n) \ F ); z) > 1�
1

2n

for all z 2 B(qn; ~�n) and

(4.61)
�
�n + ~�n
n � ~�n

�d�2
� 1

2n
:

It is clear that �n > ~�n is decreasing to 0.
Let fp1g =

T
n�1

B(qn; �n) \ F =
T
n�1

B(qn; ~�n) \ F . For any n � 1, since p1 2

B(qn; ~�n) � B(qn; �n), there exists ~�n < ~�n such that B(p1; ~�n) � B(qn; ~�n). Let
~n = ~�n + �n. From (4.61) follows ~n < n � ~�n. So B(qn; �n) � B(p1; ~n) �
B(qn; n). Thus by the maximum principle for harmonic functions and (4.60), we
have

(4.62)

!(B(qn; n) n (B(p1; ~n) \ F ); @(B(p1; ~n) \ F ); z)
� !(B(qn; n) n (B(qn; �n) \ F ); @(B(qn; �n) \ F ); z)

� 1� 1

2n
for all z 2 B(p1; ~�n):
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Let B = B(qn; n); F1 = B(p1; ~n) \ F , and replace q1 with p1 and 2
9r
0 with

�n = n � ~�n in (4.57). Then (4.31) and (4.61) imply,

1� 1

2n
� !(B n F1; @F1; z)

=

Z
@B(p1;�n)[@F1

!(B n F1; @F1; x)!(B(p1; �n) n F1; dx; z)

=

Z
@B(p1;�n)

!(B n F1; @F1; x)!(B(p1; �n) n F1; dx; z)

+

Z
@F1

!(B n F1; @F1; x)!(B(p1; �n) n F1; dx; z)

� sup
x2@B(p1;�n)

!(B n F1; @F1; x) + !(B(p1; �n) n F1; @F1; z)

� 1

2n
+ !(B(p1; �n) n F1; @F1; z);

for all z 2 B(p1; ~�n). Thus, by (4.62),

!(B(p1; �n) n F1; @F1; z) �
1

n
for all z 2 B(p1; ~�n):

By the maximum principle again, since F1 = B(p1; ~n) \ F � B(p1; �n), we
�nally have

!(B(p1; �n) n F; @(B(p1; �n) \ F ); z) � !(B(p1; �n) n F1; @F1; z)

� 1� 1

n
for all z 2 B(p1; ~�n):

This proves the lemma since �n > ~�n > �n+1 is decreasing to 0.

5. Open Questions

We end this paper by posing some open questions. We have seen all the known
uniqueness proofs either taking the direct approach of extending Cantor�s one di-
mensional proof to a truly multi-dimensional one, or taking the indirect way of
relating another mode of convergence to one way iterative convergence and then
using induction. Let us denote the di¤erent modes of convergence de�ned in Sec-
tion 1 by the following abbreviation:

URC: unrestricted rectangular convergence.
RC: restricted rectangular convergence.
SC: square convergence.
IC: one way iterative convergence.

It is clear we have the following diagram for general complex series:

URC ����! RC ����! SC

For multiple trigonometric series, we can say more because of Lemma 3.6. Namely
we have

URC ����! RC ����! SC??y
IC

Our �rst question is to see if we can generalize this diagram, or equivalently,
Lemma 3.6 further.
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Open question 1. Can we replace �unrestricted rectangular convergence� in
Lemma 3.6 by �restricted rectangular convergence�or, even better, by �square con-
vergence�?
If the answer is yes, then some or all of the following open questions are solved

positively. If the answer is no, then the following four open questions seem to
require a new method of proof.
Open question 2. If a multiple trigonometric series is square convergent to zero
everywhere, must all of its coe¢ cients be zero?
Open question 3. If a multiple trigonometric series is square convergent to an
everywhere �nite L1(T d) function, d � 2, must its coe¢ cients be the Fourier coef-
�cients of that function?
Open question 4. If a multiple trigonometric series is restrictedly rectangularly
convergent to zero everywhere, must all of its coe¢ cients be zero?
Open question 5. If a multiple trigonometric series is restrictedly rectangularly
convergent to an everywhere �nite L1(T d) function, d � 2, must its coe¢ cients be
the Fourier coe¢ cients of that function?
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