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On Strongly Interacting
Internal Solitary Waves

J. Marshall Ash, Jonathan Cohen, and Gang Wang

ABSTRACT.  The Cauchy problem and global well-posedness for a mathematical model of the
strong interaction of two-dimensional, long, internal gravity waves propogating on neighboring
pycnoclines in a stratified fluid have been studied by Bona, Ponce, Saut, Tom, and others. We
show that global well-posedness occurs even when the initial data is rough.

1. Introduction
This paper is concerned with the initial-value problem

U + Uy + A3Vxxx + Uty + 0100, + a2 (uv), =0

b1V + Vexx + b2a3tyyy + VU + Braouu, + byai(uv), +rv, =0
/ i o
u(x,0) = uo(x)

v(x, 0) = vo(x),

where aj, az, as, by, by, and r are real constants with by, b, positive; u = u(x,t),v = v(x,?)
are real-valued functions of the two real variables x and ¢; and subscripts adorning « and v denote
partial differentiation. This system has the structure of a pair of Korteweg-de Vries equations coupled
through both dispersive and nonlinear effects. It was derived by Gear and Grimshaw [GG] as a model
to describe the strong interaction of weakly nonlinear, long waves. System (1) was studied extensively
by Bona, Ponce, Saut, and Tom [BPST] and we strongly urge the reader to refer to that paper for
an excellent and extensive discussion of the physical significance of (1) and for further references.
As in [BPST], we will assume that » = 0. However, we will only assume that |az| % 1/4/b; rather
than |a3] < 1/+/b,. Problem (1) is said to be globally well-posed in L*(R) x L*(R) if existence,
uniqueness, persistence, and continuous dependence on the initial data occur for all ¢ > 0. We
will make use of only one of the four known conservation laws satisfied by solutions of (1). This
-law asserts that when (u, v) is a solution to (1), the quantity [ (bou? + b;v?) dx is an invariant
sometimes called the energy.
The natural definitions |(u, v)| = (bau? + b1v?)3, [|(u, V)||, = %, 1, v)|Pdx)7 for 1 <
p < ooand |[(#, v)||oo = Esssup |(, v)| allow us to rewrite the energy conservation law as

l|(u, v)||3 = const. @)

For b € R, Kenig, Ponce, and Vega [KPV1] defined the Sobolev spaces X}, as the completion
of the Schwartz space S(R?) with respect to the norm
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where #1(£, T) = (27%2 I3 J2 u(x, 1)e " ®HD) dx dt. Our two-dimensional version of this is X3,
the completion of the Schwartz space S(R?) with respect to the norm

(ST

[ee}

I, e = f/1(a(g,r),6(g,r))|2(1+|r-§3|)2”d§dz)

—00 —00

In the following, we use the symbol ¢ to denote a generic constant so that the value of ¢ can change,
even when passing from one side of an inequality to the other.

Much recent work was done on the Korteweg-de Vries equation by Bourgain [B] and Kenig,
Ponce, and Vega [KPV1, KPV2]. Our methods will be those of Kenig, Ponce, and Vega [KPV1,
KPV2]. We are grateful to Carlos Kenig for having suggested this problem and the means for its
solution.

We adapt the notation of [BPST]. If [0, 7'] is an interval and X is a Banach space with norm
Il - llx, then

T
LP([0,T]: X) = {u:[0, T] = X such that Hu"fp([oﬂm = / llullf < o0
0

The space C([0, T] : X) consists of all continuous functions mapping from [0, 7] into X. Since
[0, 7] is a compact set, C([0,7] : X) is a Banach space when equipped with the norm
I - llzeo,r1:00-

2. Results

As mentioned in the introduction, we are studying the problem

Up + Unrx + A3Vpxx + Ully + a100; + a2(UV), =0

b1V 4 Vixy + 02G3Uxx + VU; + baapuuy + bra (uv); =0 &
u(x, 0) = up(x)

v(x, 0) = vo(x),

where a, a,, as, by, and b, are real constants with b; and b, positive and |a3| # 1/+/b;. Our main
result is as follows.

Theorem 1.
For any (ug, vo) € L2(R) x L2(R), there is a unique solution of system (3) with (uo, vo) as
initial data such that

(u,v) € C([0, 00) : LZ(R) x L(R)), @
and
u andvarein L? | (R : L}, (R)), for 1 < p < oo. ®)

We begin the proof of this by starting with a more modest and local version.
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Theorem 2.
There is an €y > 0 such that for any (ug, vo) € Li(R) X Li (R) with || (up, vo) |l 2x12 < €0,
there is a unique solution of system (3) on [0, %] with (ug, vo) as initial data such that

1
(u,v)eC ([0, :7.} : L2(R) x Li(k)) , ©)
and
2 13
(u,v) € X}, forany b e 37) @)
So that, in particular,
uandvarein LY (R : L2(R)), for 1 < p < co. 8
Furthermore,
Ully, UVy, UyV, and vV, € Xp_1, ®
and (u,, v;) satisfies
oo 0o
A A - =
f f |G, D)2 L+ (6D (1+ 17 — £3))7 d dr < oo (10)
-0 —00

There exists a neighborhood N of (ug, vo) € L2(R) x L2(R) such that for (u}, v}) € N, there exists
a solution (u*, v*) solving system (3) and satisfying the properties (6)-(10) on [0, %] and the map
(ug, v§) — (u*, v*) is Lipschitz (in the sense expressed by inequality (26)).

Remark. Symmetry considerations allow us to restrict our proofs to the case of future time
only. More explicitly, suppose system (3) can be solved for all # > 0 for any L2 x L2 initial data.
If (u(x, 1), v(x,t)) is a solution when ¢ > 0 corresponding to initial data (po(—x), go(—x)), then
(u(—x, —t), v(—x, —t)) is a solution to system (3) with initial data (po(x), go(x)). [

To prove Theorem 2, when a3 # 0 we will need to diagonalize

an

Ut + Uypxx T A3Vxxx
b1V; + Vexx + D2a304xy,

which is the linear part of our system by making a change of variables essentially introduced in
[BPST]. This will change system (3) into a pair of equations with decoupled linear parts. Let

1 1-b
- (1 - 1) w(@Px, 1) + %v(ai”x, )

( pix, 1) ) 2 Aby

qx, 1) 1 1-0b 1/3 a 13 ’
il I D s
2 + v u(el"x,t) l vl "x,t)

where A = ~/(1 — 1/b1)* + 4bya? /by and oy = {1+ 1/b; + A} . Note that the condition |as| #
1/+/b, guarantees that @, and ar_ are not 0. Under this change of variables, the terms (11) become

Dt + Dxxx
g + Gxxx
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and (3) become
(Pt + pxxx)(xs ty+mx,t)=0

(g: + Gexx) (X, ) +0(x, 1) = 0

1
px,0) = ( s ) 0@y + 2 Zu(elx) (12)

1 1/3 as 1/3
O)==1{1
q(x,0) 2( + v )uo(d_ X = n Zup@x),

where m(p, g, x,t) = m(x, t) is defined to be

oy ,
( )La (uuy, + ajvv, + a2(uv),) + b (vvx + brapuu, + bgal(uv)x)> (oql,ﬁx, 1), 13)

andn(p, q, x,t) = n(x, t) is defined to be

1/3

ar—1 - a
( +k (uu, + ajvv, + ax(uv),) — E%(vvx + brasuu, + bzal(uv)x)) (@"x,t), (14
1

and we think of p and ¢ as the unknown functions and m and » as abbreviations of combinations of
p and g via the inverse formulas

x i) b ;

( u(x,t) ) p a_]{;/B, q ai/?,v
v(x, 1) 1 1—b1+k X +~1_ 1—-5; i x
2a3 by ¢ ai/y 2a3 by 1 o’

Some notation will be useful. Let P = (p,q), U = (u,v), and M = (m,n). Also let
Up(x) = (uo(x), vo(x)) and

1 1-5; 1/3 1/3 1-5; 1/3 as 1/3
Py(x) = 7 ((I B )u (o x)—i— vo(oz x), |1+ v upla"x) — kvo(a_ x)}.

Then system (12) can be written

. (15

P+ Py =—-M
P(x,0) = Py(x).

(16)

If M = 0, system (16) becomes a linear homogeneous system. As is well known and easy
to verify, in that case the solution is given by W ()P = [* &'t +x8) B (&) d&, where the integral
of an R2-valued function is given by [ (p,q) = (J°0, p. [0, 9), P = (B, §), and p(£) denotes
5= [0, p(x)e ™ dx, the Fourier transform of p with respect to the space variable x. (As in the
introduction, we reserve the circumflex symbol for a full two-dimensional Fourier transform in both
space and time.)

It is easy to see that to solve the nonlinear problem (16) in X; 2 we need only find a function
P so that the integral equation

Pty=W(@)Py — / W —t)M(r)dt a7

holds in the space Xg. Define an operator ® by &(P) = W () Py — fg Wt —1t)M(t)dt. Then (17)
holds exactly when P is a fixed point of the operator ®. A standard way to produce a fixed point is
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to iterate a contraction. So, our goal is now to show that ®, when restricted to a small ball in Xg, is
a contraction. We will achieve this goal in two steps. First, we will show that for some sufficiently
small » > 0, ® maps X,f (r), the origin-centered ball of radius » in X2, into itself. Second, we will
show that ® restricted to the ball X? ;(r) is a contraction, i.e., that there isa p < 1 such that whenever
P and P’ are in X3(r), | ®(P) — '<I>(P')lez < plIP — Pl .

To carry out this program we need several lemmas. Let 8 (t) be a C* function from R to [0, 1],
supported in (—2, 2) and identically 1 on the interval [—1, 1]. Let /(¢) be a C* function from R to
[o, 1] supported in (—2, 2) and identically 1 on the support of 6. The index b will always satisfy
b > % and the parameter § will always belong to (0 1]. The function space L2(R) x L2(R) will be
denotedias .

Lemma 3.
ne(t/6>W(t>Uo||Xz < 872 U]l 2 -
Lemma 4.
16G/8)Ullxz < 8- U] o
Lemma 5.
16G/8) Jo Wt — YU x, ) dE |z < 8422 |U || 2

These three lemmas are essentially Lemmas 3.1 to 3.3 (with s = 0) from pages 7 to 9,
respectively, of [KPV1]. Their proofs are very similar to the proofs given in that paper. Actually,
our use of Lemmas 3 and 5 in this paper will be restricted to the special case of § = 1. The following
two lemmas are similar to Corollary 2.7 and Lemma 3.3 of [KPV2]. -

Lemma 6.

Let; <b<¥ <3 Then

2
1Ml <c(lIPllg) -

Lemma 7.

Leti < b<¥ <2. Thenfors e (0,1),

W @/5Ullx  <cd"lIUllx,_

where = i”;%f’l.

In fact, Corollary 2.7 of [KPV2] proclaims that for l <b<b < %’

HNuusllx,_, <c (Hullx,,) .
But the same proof shows that
[ @v)x 1, < cllullxg vl : 18)
To see this, observe that analogous to (2.51) of [KPV2] we have

& /[ S, ) g&—&,1—11) dtydt
(1+ |z — &Y A+m —&Dp L+t — 1 — € — E)°DP !

121}

1

e ([ : dtidn)
I+t D7 A+m—NP(U+lt—u—E—&)3N2 71

A g

£

/ Lf Ll g — &1, 7 — o) dErdn

L2312




512 J. M. Ash, J. Cohen, and G. Wang

where f(€,7) = (1+|t —&3))?0(¢, v) and g(&, T) = (14|t —£3))®D(&, 7). Lemma 2.4 of [KPV2]
asserts that the first norm on the right-hand side is bounded by a constant depending only on b and '.
Consequently, the entire right-hand side is less than or equal to c|| f ll,5,211gll - .- This establishes
inequality (18). ) ’

From (13) and (14) we see that all the terms in M and N are of the form (uu), , (vv),; or
(uv),; so Lemma 6 follows from inequality (18).

From the above two lemmas, we get the following result.

Lemma 8. ,
2 (%) M||Xg_1 < ¢ (HPllxg) for some 6y > 0 ifb € (% %) and0 < 8§ < 1.

Proof. Choose % <b<b < %. Using Lemma 7, we have

()

< c8®|M]l g,
X;ﬁl b -1

where fp = £z2. By Lemma 6,

2
IMlle =<c{liPlx) .
-1 b

The lemma follows by combining the above two inequalities. O
Our last lemma essentially appears as the fourth inequality on page 20 of [KPV1].

Lemma 9.
I W@ —DMx, 1)l <clMlle forO<t <t<1.

Proof. It follows from the definition of # (¢) that

i(t—tHA _ ei(t—l')§3

—&3

t
f Wt —1)M(x, t)dr = —i / / EM(E, w)e & dE di.

We have

t
/W(t~r)M(x, T)dt s
i

A et _ Git—1)E?
Il / f eE (e, Vet ¢ dt d

B L%
= “ / ME, e €

i(t—tHr _ ei(t-;t’)?

A—g

§ .7

<3

’

. 1
f ]M(g, A)l mdk )

where the last line follows from the inequality
ei(r—t’)). _ ei(t—t’).‘;3

pr=

=< .
T1+|a -8
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Denoting 1 + |A — &3] by A(§, A) and using the Cauchy-Schwarz inequality, we have

fW(t—r)M(x 7)drt <3”[!M(E }n)IAb_l(E A)—— )»

AP (5 A)

15

[ ([ i nf a2 00 <fmw~> .

<clMiy,. O

Proof of Theorem 2.  For the duration of this proof, we assume that ¢ € [0, 11.
First we show that & maps Xg(r) into itself. Since 8(¢) = 1 for¢t € [0, %], we may write

P(P) =60 YW ({t)(Po) —0(t) / Wt — )Y ()M (x, T) dT.

By Lemmas 3 and 5, with § = 1, we have that
0Pl < cllPollz +clv? Ml ;
whence by Lemma 6, with 5’ = b,
2
19Plle < cliBollz +c (I Pllg) -
By Lemma 4, with 8 replaced by ¢ and § = 1, this becomes
2
1Pl < cllPolz +¢(IPlg) -
Now pick r > 0 so small that
1
cr? < Er. 19
Then pick €9 > 0 so small that || Py|| 2 <€ implies that
1
cllbollzz < 5r. (20)

Then ||®(P)]| n=c Il Poll 2+ cr? < r when || P|| x; <T,80 that indeed @ maps Xg(r) into itself.

Next, let P and P’ be points of X,f (7). To show that ® is a contraction we need to show that
|®(P) — ‘P(P/)“)(g < pllP — P’!|X§ for some p < 1. Now

’

o) - o), =

t
B(t)f Wt —1) {zlrz(t) (Mx, 1) — M'(x,7))} dr
0 X§
so that, by Lemma 5,
[0(P) = 0P s < [42 (4~ 1) .. e

But M — M = (m —m’,n —n’). Consider m — m’. This is a linear combination of (uv), — (u'v'),
and two similar terms. Writing this as [(u — #/)v], + [#'(v — v')];, applying first inequality (18)
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with 4’ = b and then Lemma 4 with § = 1, we see that the right-hand side of inequality (21)
is controlled by a linear combination of terms such as cllu — /|| x, ||v] x,. From this it follows
that

92 (=20, 5P~ Pl (1P + 1P L) <2re| P = Pl

Choose r again so that besides condition (19), p = 2rc < 1 also holds. (Notice that the choice
of €p must be similarly modified to keep inequality (20) valid.) We get [|®(P) — ®(P)]| x =

pllP — P'| x2» 88 desired. In general, Lemma 3 and the above argument also show that if || Py| =
€o, | Bl 12 < €and [Pl <r| P x¢ < r and we emphasize the dependence of ® on Py by

writing ®(P) = @, (P), then

|en ) - 0n )| , <P Filly + 012 = Plg. 22)

Since ¢ is a contraction, there is a unique fixed point, i.e., a pair P = (p, q) € Xg(r) such
that, when ¢ € [0, -é—], P =®(P)=W(E)PR) — f(,t Wt — t)M(x, v)dt. From this we see that
P satisfies (16). This shows P is a solution. Because ® is a contraction on Xg (r), P is the unique
solution to (16) in Xg (r), but it is still conceivable that there is another solution P* = (p*, g*)
with Xg norm exceeding ». However, this is impossible. We will prove this later when we prove
Theorem 1.

We now show the solution we derived from the above contraction mapping satisfies the prop-
erties listed in the theorem. We begin with (6). Let0 < ¢ < fand ¢~ ¢ < §. Let 8, ¢ be the C®
functions defined above. We have

1P, 1) = P(x, )2 < WWE(PGx, 1) — PO, )2

+ fW(t — )yt (E—;—t—) M(x, 7)dr
L

154
But /¥ is a continuous operator on L%, so, as § tends to 0, the first term on the rightis o(1). Lemma 9

gives
P(x,t)— P(x, t,)”Lﬁr <o(l)+el|y? ((' —3 t')) %

2
Xb—l

Applying Lemma 6, we have
1P, 1) = P, )1z < 0(1) + 8% P .
b
Since 6y > 0, this tends to O as § tends to zero. Thus, assertion (6) is proved.

Assertion (7) is obvious.

Since the spaces L f’ (R Lf(R)) are nested and become smaller with increasing p, assertion

(8) follows from the containment

L2(R i LHRY) D K. 23)
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To see this, use Plancherel’s theorem and the Cauchy-Schwarz inequality to get

2
dt

2113 ,2 = Essup f l / e M aE, v dE

s[([ia@,r)} ds)zdr
= [ (f @l nl o fe -5 de) ar

< Essup[ (U4 [o = 8)) 7 ds il

24)

Taking square roots proves the containment (23). Note that since b > %,

3f (14 v — &%) dg = /(1 F D% - iy

< fcr—y>—%dy+ f (L+ )2 dy,
Jr—y|=l [z »i=1

which shows that the supremum on the last line of the estimates (24) is finite.
Lemma 6 implies (9). Using (3) and (9), (10) follows if we can show

xX o

[ [ sedrasigpea e -0 2asde < oo,

—0 =00
But this is an easy consequence of U/ € Xg. Finally, let P be an initial data such that || Py}| 12 < €o. Let
N be a neighborhood of P{ such that O, € N implies || O |l 12 < €o. Let P/ and Q' be the solutions

of (16) derived from the contraction mapping with initial conditions Pj and 0y, respectively. Since
P=9 pé(P,) and Q' = (DQZ)(Q/)’ it follows from inequality (22) that

I1P'~ Ol < B — Oplz.- @5)

C
(1-p)

Furthermore, since W (¢) is an isometry, by Lemma 9 we have for any ¢ ¢ [0, %]

[P/, ) = Q. Dll 2 < IWEOP(x, ) — O'(x, 1) 12

+

Hr2
12

'
/ W —o)(Mp — Mp)(x, t)dr
0

< cll Py~ Qhllsz +ell(Mp — M)(x, Dl 2 ..
So, by an argument similar to that above that showed & to be a contraction, we have

1P ) = Q' Dllzz = el Py = Qplizz + eI Pl + Q1) P' = Ol -
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Combining this with inequality (25), we dominate the right-hand side by c|| Py — Qg - This shows

mn@ﬁ thwpwhﬂ—Qﬁﬁhgsd%—Qm@ @6)

1€[0,1]
which completes the proof of Theorem 2. O
We now pass to the proof of Theorem 1.

Proof of Theorem 1. Suppose that initial data Py € L3 is given. Find o > 0 so small
that o3/2 || Py | 12, < €o, for the ¢ appearing in Theorem 2. Define Py (x) = o? Py(ax). Then

32

| Poellzz = ™ [ Pollz2 < €o.

So by Theorem 2 we may find P, (x, t) solving system (16) with initial data Py, (x) for ¢ € [0, 2]
Consider P(x,t) = e 2P, (e 'x, a"3t) It is easy to see that P satisfies the first two equatlons
of system (12) since P, does and @ > - 0 = 0. Furthermore, P(x,0) = a2P,(e"'x,0) =
a 2 [a?Py(a(ex))] = Py(x). Also ¢ € [0, "’73] if and only if 3 € [0, 1], so P(x,f) is a
solution of system (16) with initial data Po(x) whenever¢ € [0, ‘1‘23]. To summarize, given any initial

L% data Py, there is a time
2
€0
=To(l Poll;2) = 2
7 Rl

so that we can solve system (16) in [0, Tp]. By the conservation equation (2), if P(x, ) is a solution,
then || P(-, 1)]| 23 is a constant independent of ¢. Therefore, replacing ¢ = 0 by ¢ = Tj and repeating
the above argument shows that we can solve system (16) in [0, 275].

The existence of the solution on [0, co) now follows from iteration of the above argument

We now prove uniqueness. This means that if P(x, ) and P*(x, ¢) both belong to X?, both
are continuous in the sense of condition (4), and both solve system (16) with the same initial data,
then they must be equal. Let 3 = { > 0: P(x, 1) = P*(x,t), for almost all x}. Clearly, 0 € 3. By
the continuity condition (4), 3 is a closed set. We now show 3 is also an open set. This will show
that ¥ is [0, oo), which gives the uniqueness.

Without loss of generality, we show there exists a neighborhood of 0in J. Let0 < @,8 < 1
be small positive numbers to be specified later. Define as before,

ot
P(x,t)=«a w( )P(ax o),
3
Pi(x,t) =« 2y ( )P*(ax o).
Simple calculation shows
t . t 2
NPull%e <c ¥ (-) Pl +ca® |y (—) P @7
b ) x ) X

Since P and P* solves (16) with initial data Py(x), P, and P} also solves (16) with initial data
Pou(x) = Py(x,0) = a?Py(ax) for 0 < ¢t < 8. Use (3.30) of [KPV1] to get || (% )PHX2 =

[l (& )PHL2 2= c81/2H¢(3)P||X§ . Combine this with Lemma 4; by inequality (27) we have

3_ -
1 Pullfe < 8371 Pl + ca®8' || Pl
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Because b € (%, %), we can make HP(,[HfY2 as small as we like, by first choosing § small enough

to control the first term on the right-handbside and then choosing « small enough to control the
second term. Notice that o depends on || P]] X Thus, an appropriate choice of o will ensure that

]]ang(ax)[lLi < €0, l|Pallye < rand ||Pfllz < r, where €o,  are the numbers in Theorem

2. By the proof of Theorem 2, we have P,(x,t) = Pf(x,t) for almost all x when 0 < ¢ < %
Thus, P(x,t) = P*(x,t) for almost all x when 0 <t < min(ﬁ, 8). This shows that § contains a
neighborhood of 0, which yields the uniqueness.

Let T > O be given. Find the smallest # such that n7y > T. Let u;(¢) solve system (16) for
all t € [iTp, (i + 1)Tp]. The solution u(¢) to system (16) for ¢t € [0, T'] coincides with u;(¢) on
[i Ty, (0 + 1)To] by the above uniqueness result. Combining the inequality

y ; G+

n— n—1
Bssup [ (e )P dr < Y Bsswp [ e 0P dt < 3 Il
x =0 * =0 o
0 iTy
with inequality (24) establishes property (5).
This completes the proof. [
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