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SECTION 4.3
Problem 50. Let’s find [T|g, the matrix for 7" in the basis B = (cos(t), sin(t)). We have
T(cos(t)) = (b—1) cos(t) — asin(t), T(cos(t)) = acos(t) + (b—1)sin(t),

and so

[T(cos(t))]s = [b 1] [T'(sin(t))]s = [bfl] o [Tls = [b ' bf 1] :

—a —a

T is an isomorphism if and only if this matrix is invertible. The determinant of [T]z is
a® + (b — 1)2, which is zero if and only if @ = 0 and b = 1. Thus 7T is an isomorphism for
all values of a,b except a =0,b = 1.

Problem 60.
(a) Notice that by = a;, and by = a; +ay Thus [by]yy = B] and [baly = [ﬂ The change
of basis matrix from B to U is therefore
1 1

(b) Since for any x € V, [x|y = Spu[x]s, we have Sz, [x]us = [x]5. Thus the change of
basis matrix from U to B is

_ 1 -1
Su—B = SBiL{ = [0 1 ] :
(¢) They are related by

(b1 by] = [a1 as] Spou,
which is equivalent to the equations by = aj, and by = a; + as.

|\

1 8
Ir = mj +mg, Q = mq + 2mgy + 3mg, Q2:[ ]:m1+8m2+9m3.

Problem 64. Denote

1o o1 o

so that the basis U is U = (m1, m2, m3). Notice that

)

09
1
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(a) We have

T(ml) = I, = mq + mgs, T(mg) =Q=m1+2ms + 3m, T(mg) = m1 + 8mg + 9ms.
The matrix for 7" in the basis U is thus

‘ ] | 1 11
[T]u = [Tml]u [TTTLQ]U [ng]z,{ =10 2 8
| | | 1 39
(b) Let m = [g lj be an arbitrary matrix in V. Then

at+b+ec 2b + 8¢

Tm = aly+bQ+eQ” = [ 0  a+3b+9c

= a(mi+mg3)+b(mi+2ma+3ms)+c(mi+8ma+9ms).
Since a, b, and ¢ can be any real numbers, we see that im(7") =span(mj+ms, mi+2mo+
3ms, my+8mo+9ms). Notice that —3(mq1+ms3)+4(mq+2mae+3ms) = mq+8mae+9ms,
and so the element mj+8mgy+9ms3 is a redundant one, and im(7") =span(m;+ms, m;+
2mg + 3mg). These two elements are linearly independent, as only one of them has a
my term, and thus form a basis for im(7"). Since dim(im(7")) = 2, we have rank(7) = 2.
By the rank-nullity theorem, the dimension of the kernel of T is 1, so to find a basis
for the kernel it suffices to find a single nonzero element of the kernel. Using the relation
described above, —3(mj +m3) + 4(my + 2mg + 3ms) — (mq + 8mg + 9m3) = 0, we find

that [_3 4 } € ker(T), and so

0 -1
ker(T):span<[_03 _41D.

SECTION 5.1
X1
X2

T3
T4

Problem 16. Let uy = . If ug is orthogonal to uj, ug, and us, then

which is the linear system
/2 1/2  1/2  1/2
Auy =0, A=|1/2 1/2 —-1/2 -1/2
1/2 —-1/2 1/2 -1/2
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Notice that the rows of A are the vectors uy, us, us, i.e.

A= |- U2 —

Using Gauss—Jordan elimination we find

rref(A) =

o O =
—
_ o O
—_

which implies
uy =

where t is a free parameter. If uy is to be a unit vector, we must have 4t> = 1, which
implies t = j:%. We therefore find there are two possibilities:

1/2 —1/2
_|-1/2 . 1 1/2
W= gl 0 WMT g
1/2 —1/2
1 1 1
. 1 1 -1
Problem 28. Since the vectors e gl | | ave already mutually orthogonal, we
1 -1 1
can obtain an orthonormal basis for their span simply by dividing each of them by their
1 1 1
. . 1 1 -1
length. We thus obtain the orthonormal basis for the span of NEREE and Ik
1 -1 1
1/2 1/2 1/2
_ o (1/2 | 1)/2 | -1/2
U= (ul,UQ,llg), u; = 1/2 , U2 = _1/2 , U3 = _1/2
1/2 -1/2 1/2
Call the span of these vectors V. The orthogonal projection of e; onto V is
3
. 1 111
projye; = (e -up)u; + (e1 - uz)ug + (e - uz)ug = §(u1 +ur+uz) = 111
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SECTION 5.2
1111 o
Problem 34. To find the kernel of A = [1 9 3 4}, we first put it in rref: rref(A) =
1 T3 + 214
1 0 -1 -2 |22 . . o —2$3 — 31‘4
[O 1 2 3 } . It follows that x = s € ker(A) if and only if x = s ,
x4 L4

where x3 and x4 are free variables. Thus

1 2
-2 -3
ker(A) = span(vy, va), vi= || ve= |
0 1

The vectors vq, vy form a basis for ker(A). To find an orthonormal basis we use the Gram-
Schmidt process on these vectors, to obtain the vectors u, us, where

1 1 0 0

u = Vi, U= ———vy, vy =vy— (u; - va)ug.
[[vall vl ’
1
u; is straightforward to compute: u; = % _12 . We can then compute VQLZ
0
2 1 2
|3 b R ) I
1 0 3
Finally we have
2
1 1 -1
uy = Vy = —
CTvall T Va0 (4
3
Thus the vectors
1 2
1 |1-2 1 -1
u , Uy = ——
3

form an orthonormal basis for ker(A).
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Problem 36. This is almost already the Q) R-factorization. The only problem is that one
of the diagonal elements in the upper-triangular factor is not positive. To change it to a
positive number, consider each column of the matrix M separately. We have

M = V|1 V"Q V3
.
where
1/2 1/2 1/2 1/2 1/2 1/2
O B Y v I v R EL o R v R
1/2 1/2 1/2 1/2 1/2 -1/2
Notice that vo and vz can be rewritten as
1/2 —1/2 1/2] —1/2 1/2
vy =3 %; +4 1?; ;, V3=29 %; 6 }?; +7 11/22,
1/2 -1/2 1/2_ -1/2 -1/2

and so M can be factored as
1/2 —1/2 1)2 o 3
(12 12 —-1/2 B
M=tz a2 a0 2
1/2 —-1/2 —-1/2| L

which is the @ R-factorization.

SECTION 5.3

Problem 34. The dot product of the first and third columns is ¢ and the dot product of
the second and third columns is d, and so if the columns are to be orthonormal we must
have ¢ = d = 0. Since the first and second columns must be orthonomal, we arrive at the
nonlinear equations
ab+ef=0, a*+e2=1, b +f2=1.
We also know that the first and third rows must be orthonormal, which gives the equations
ae+bf =0, a®+b2=1, &>+ f2=1.

In particular, combining the equations a? + e* = 1 and a? + b? = 1 gives b?> = f?, and
combining the equations b?> 4+ f?2 = 1 and a? + b> = 1 gives a®> = f2, thus e = +b and
f = +£b. Since ab+ ef = 0, the only possibilities are e = b, f = —a, or e = —b, f = a. We
thus find that the matrix must be either

a b 0

0 0 1|, abeR,

b —a 0
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or

In each case, either a or b may be zero,

Problem 50.

(a) Consider an n x n upper triangular matrix A, and let vy, v, ..., v, denote its columns.
Since A is upper triangular, vi = ajie;, where e; is the first standard vector and
app > 0. Since A is orthogonal, ||vi|| = 1, which implies that a;; = 1, and so v = e;.
Now consider the second column, vo. Since A is upper triangular, vo = ajse1 + azes,
where a2 € R and age > 0. The condition v; - vo = 0 implies that a;2 = 0, and the
condition ||vz|| = 1 implies age = 1, thus vo = eg. Similarly, we find v; = ey, for each
k=1,2,...,n, and so A must be the identity matrix, I,,.

(b) Let B be an invertible matrix of size n x n, and suppose we can factor B in the ways
B = Q1Ry and B = (2R3, where ()1 and Q)2 are orthogonal matrices, and R; and
Ry are upper triangular with positive entries on the diagonal. In particular, all of the
matrices 1, Q2, R1 and Ry are invertible, and we have the equation Q1 R; = Q2Rs,
which implies Qz_lQl = RgRl_l. Denote C = QQ_IQl = RgRl_l. Since C is the product
of the orthogonal matrices, it is orthogonal. Since C' is the product of upper triangular
matrices, it is orthogonal as well. According to part (a) then, we must have C' = I,.
Thus Qz_lQl = I, and RgRl_1 = 1I,, and so Q1 = @2 and Ry = Ry. Thus there is a
unique @ R-factorization for B.

Problem 60. Denote

o oo o1 To 1
ml—ooam2_017m3_107m4__107

and denote the basis B = (mq, ma, mg, ms). We have L(mi) = my, L(ma) = mg, L(mg) =

ms, and L(my) = —my4. The matrix for the transformation L in the basis B is thus
100 0
| | | | 010 0
Ll = |[Lon)ls [Lmals [Loma)ls Lena)ls| = [0 00 0
| | | | 000 -1



