MATH 255 Applied Honors Calculus ITI Winter 2011

Homework 4

e Section 14.1, Pages 891-892: #2, #6, #12, and #40.

e Section 14.2, Pages 897-898: #10, #12, #28 (no graphing required), #42, #44, and
447,

e Section 14.3, Pages 904-906, #2, #4, #20, #40, and #50.

e Section 14.4, Pages 914-916: #6, #16, #22, #34, and #40.

Solutions

14.1: #2
For In(9-t?), we need 9 — t? < 0, so 9 < t. That is, 3 >t and —3 < t.
For =2 we need t + 2 # 0, or t # —2. So, the domain is: (=3, —2) U (-2, 3).

12
14.1: #6
In(t
tlim (tan~*(t), e %, %} = (limy_o tan™1(¢), lim; oo €2 limy_ @>
o 1
= <§’ O7 llmtg,oo #>

= <%7 0, O)

Note the use of L’Hospital’s rule in the third component.
14.1: #12

Figure 1: Plot for 14.1 #12.

14.1: #40

ri(t) = (t, 1, 7)
I'z(tg) = <1 + 2t27 1+ 6t2, 1+ 14t2>



We have an intersection when rq(t1)= ra(ty) for some ¢; and t5. It’s a collision if the equality
holds, and t; = t,. We set the equations component by component.

t1:1+2t2
t2 =1+ 6ty
ty =1+ 14ty

Substitute the first eqn into the second to get 1+ 4ty + 4t3 = 1 + 6to, and solve for to = 0 or
1/2, which means (from the first eqn) ¢; = 1 or 2. Now, substitute this into the third equation.
If you get equality, then these values of t, are solutions for the vector equations. If not, they
aren’t.

12=1+14-0
1=1

True.

22 =1+14-1/2
8§ =38

Also true. So there are two intersections (plug in for ry(¢;) or ra(ts)),
t1 :1,t2:0, r = <1,]_,]_>
t=2t=1/2,1 = (2,4,8)
but no collisions.
14.2: #10
r(t) = (cos(3t),t,sin(3t))
r'(t) = (—3sin(3t), 1,3 cos(3t))

14.2: #12
r(t) = (sin~'(t), V1 — 2, 1)
r'(t) = (5, 755, 0)
2 VI
See the tablg n thte back of the book for the first term.

14.2: #28
x = cos(t)
y = 3e*
z = 3e %

The point (1,3,3) is found only for ¢ = 0 (y and z are both monotone functions of t).



r' = —sin(t)

= 6e*
Y = —6e A

/

Y

Plug in t = 0, get

so, the equations for the tangent line, using x = xq + at, etc.

I’t:]_

Zt:3_6t

f(u(t) + f()u'(t). Let’s say u(t) = (a(t),b(t),c(t)). Then

[f()u(®)] =

14.2: #42
d
i

Prove
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14.2: #44

Prove

(a(t),b(t),c(t)) and v(t) =

Say u(t)

(b(0)A(t) = c()g(t), c(t) f(t) — a(t)h(t), a(t)g(t) — () f (1))

u'(t) x v(t) + u(t) x v/(t).
(f(t),g(t),h(t)). We'll start with the definition of the cross product on page 850.
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14.2: #44

d
%[r(t) x1r'(t)] =r'(t) xr'(t) +r(t) x r"(¢) by Formula 5 of Theorem 3. Since the cross product

of vectors in the same direction is 0, the first term disappeared.
14.3: #2
L= f | r'(t) | dt. We've got r(t) = (t2,sin(t) — t cos(t), cos(t) + tsin(t)), from a = 0 to b = 7.

r'(t) = (2t,cos(t) — cos(t) + tsin(t), — sin(t) + sin(t) + t cos(t))
= (2t,tsin(t), tcos(t))

| Y'(t) | = +/(2t)2 + (¢sin(t))? + (tcos(t))?
VT
= tV/5

So L = [, t\/5dt =
14.3: #4
L= f | '(t) | dt. We've got r(t) = (¢, 2t,In(t)), froma =1to b = e.

r(t) = (2t,2,1/t)

[Tt | =202 + 22+ (1/1)?
M T
=t /4+4/2+ 1/t
(1/t2 4 2)?
=t(1/t? +2)
=1/t +2t

So L = [5(1/t+2t)dt =1In(e) +2€?/2 —In(1) —2-1%/2 = €2

14.3: #20
The goal is to find k. We have a few equations for that. Which to use? Well, let’s calculate a
bit first, and maybe it’ll be clear which is easiest.

r(t) = (e’ cos(t), e’ sin(t),
r'(t) = (e cos(t) — e’ sin(t), e’ sin(t) + € cos(t),

t)
1)

| r'(t) |= \/e% cos?(t) + €2 sin?(t) — e2tsin(t) cos(t) + e2tsin?(t) + €2 cos?(t) + e sin(t) cos(t) + 1

| v'(t) |= \/GZt(COSQ(t) + sin?(t) + sin?(t) + cos?(t)) + 1
| '(t) |= vV2e? + 1



I don’t think I want to take derivatives like jt\e/t%, so let’s use: k(t) = %

r'(t) = (e’ cos(t) — e'sin(t), e’ sin(t) + €' cos(t), 1)
" (t) = (e cos(t) — e’ sin(t) — e’ sin(t) — e’ cos(t), €' sin(t) + €' cos(t) + e cos(t) — e’ sin(t), 0)

v’ (t) = (—2¢'sin(t), 2¢’ cos(t), 0)

Now calculate the cross product.

i j K
v'(t) x v’(t) = | e'(sin(t) — cos(t) e'(sin(t) + cos(t)) 1
—2e' sin(t) 2e" cos(t) 0

= i(0+2¢" cos(t))—j(—2¢" sin(t))+k(e* (2 cos®(t)—2 cos(t) sin(t)+2 sin’(t)+2 cos(t) sin(t)) = 2{e’ cos(t), e’ sin(t

The magnitude | /() x r”(t) |= 21/e2(cos(t) + sin?(t)) + et = 2e'\/1 + 2.
So, k(t) = X Ol — 201+

P T 2 41)7
At (xy,2) = (1,0,0), t = 0. £(0) = 534555 = (3)*/%
14.3: #40

r(t) = (e, e sin(t), e’ cos(t)). At the point (1,0,1) t = 0.

r'(t)
T
r'(t) = (', e [sin(t) + cos(t)], e’ [cos(t) — sin(t)])
| T'(t) |= ¢/ €2 + e2t(sin®(t) + cos?(t) + 2sin(t) cos(t) + sin®(t) + cos?(t) — 2sin(t) cos(t))

| T(t) |= Ve + 2¢%
[ X'(t) |=€'V3

T_ (€', e [sin(t) + cos(t)], €' [cos(t) — sin(t)])
et/3
1 _ :
T = ﬁ“’ sin(t) + cos(t), cos(t) — sin(t))




f = L cos(t) — sin(t), — sin(t) — cos
T = \/§<07 (t) (t), (t) ()

| T |= %\/COSQ(t) + sin®(t) — 2 cos(t) sin(t) + sin?(¢) + cos?(t) + 2 cos(t) sin(t)

2
=2
3

T/
N =
| T |

N = —(0, cos(t) — sin(t), — sin(t) — cos(t))

Sl

B=T x N, so

LI sin() doos(t) cos(t) = sint)
TxN=—|1 sin(t) + cos(t cos(t) — sin(t
V6 0 cos(t) —sin(t) —sin(t) — cos(t)

BV6 =i [—(sin®(t) + cos?(t) + 2sin(t) cos(t)) — (cos®(t) + sin*(¢) — 2sin(t) cos(t))]
—j(—sin(t) — cos(t)) + k(cos(t) — sin(t))
= (—2,sin(t) + cos(t), cos(t) — sin(t))

1 . .
B = %<—2, sin(t) + cos(t), cos(t) — sin(t))
Att =0,
T— L
V3
1
N - E«), 1, —1>
1
B == %<—2, 1, 1>

14.3: #50



N =BxT

d
dN
— =B xT+Bx 4

=—7N xT+ B x kN
=7TTxXN-+xB xN
=7B+kxkB xN

Now, the question is, what is B x N7 There are two approaches: substituting N =B x T, so
BxN=Bx(BxT)=(B-T)B—- (B-B)T. B is orthogonal to T, and has magnitude 1,
so B x N = —T. The other way is reasoning through the right hand rule. If T x N = B, then
B x T =N and N x B =T. Either way, %:TB—KT.
14.4: #6

Given r(t) =< sint,2cost,0 >, the velocity is v(t) = r'(t) =< cost,—2sint,0 >, the speed is
v(t) = [v(t)| = Vicos?t + 4sin’t and the acceleration is a(t) = r”(t) =< —sint, —2cost,0 >.
Plugging in ¢t = 7/6, we have v(7/6) =< v/3/2, —1,0 >, v(7/6) = v/7/2 and

a(r/6) =< —1/2,—/3,0 >

14.4: #16
To find the velocity, we write

v(t) = v(0) +/ta(u)du =<1,1,-1> +/t <0,0,—10 > du=<1,1,—1 — 10t >
0 0
Similarly, position vector of the particle is
r(t) =r(0) —i—/otv(u)du =<2,3,0> +/Ot <1,1,-1—10u>du=<2+t,3+t,—t —5t> >
See figure .

14.4: #22
If a particle moves with constant speed v(t) = C, then the velocity satisfies v(t)-v(t) = v*(t) =
C?. Now if we differentiate the dot product, we have v(t) - v/(¢) + v'(t) - v(t) = (C?) = 0
and therefore 2v(t) - v/(t) = 0. Finally recall that the dot product of two vectors is 0 means
that the vectors are orthogonal. We have v(t)-v/(t) = 0 and therefore v(¢) is orthogonal to v'(t).

14.4: #34

We use formulas
vea  r(t)-r’(t)
ar = comp,a = =
v r'(1)]

and
r'(¢) x (1) _ @) xx"(#)]

| / 2
ror " ON = e

ay = k|v|? =



<sin(t),cos(t)>

\ B
Figure 2:
Since r'(t) =< 1,2t,3 >,r"(t) =< 0,2,0 >, we compute |[r'(t)| = V10 + 42, v/(t) - v (t) = 4t
and r'(t) x r”(t) =< —6,0,2 >. Also |r'(t) x r"(t)| = v/36 + 4 = 2¢/10. Finally
41
ar = ——
V10 + 4¢2
and
2v/10
ay = ——
N VIO + 4P
14.4: #40
(a) We have
dv  1dm
- — __V€
dt  m dt
To solve for v we integrate both sides of the equation
L1 dm
t)—v(0)= | ———v.d
v(t) — v(0) o du vedu
The right hand side is
t t /
Ldmo = Ve/ M gy — v ™
o mdu o m(u) m(0)
by substitution. Therefore,
m(t)

v(t) =v(0) +veln mi(0)



(b) We have |v(t)| = 2|v.| and |v(0)| = 0. By part (a),

v(t) = v.In m(0)

and therefore
o MO, m0)
Vel m(0)
Mass is decreasing, so
m(t)| . m(0)
m(0)[ " mf(t)
and finally
m(t) = e *m(0)

Thus m(O);ne(z];m(O) is the fraction of the initial mass that is burned as fuel.



