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Abstract. Let C denote a multilinear singular integral on R™ of the form
QaE-y) 1
= . _— 2 5.
Cfx) = p-v f}x—y|"+M an,(b iz, y)/(y)dy
R" =1
where P, (b; , y) denotes the mth Taylor series remainder of b at z expanded about

m
y and M = 3 m;. The main result of this paper iz the inequality

=1
m
iceflg< 4 [] ( > l;bz,nr,) iy
J=1 lalnmj
I 1 m 1 . o . .
where 1 > — = — + 3 —, 1< p < oo, Q2 satisfies certain symmetry and inte-

q P 4=17
grability conditions, and C* denotes the corresponding maximal operator. Our proof
is based upon the method of rotations of Calderén and Zygmund.
Introduction, In this paper we study singular integrals on R" of
the form
Qz—~y)

_ ey 5.
Of (2) = pr [ g ﬁ P, (b5 2, 9)f(5)dy

where £2(-) i3 homogeneous of degree zero and integrable over X, _,,
the unit sphere in R*, P, (b; z, y) denotes the mth Taylor series remainder

m
of b at x expanded about y, and }'m; = M. The one-dimensional version
=1
of our result with Q(-) = sgn(-j) was established in [5]. We extend the
one-dimensional result to R™ by the “method of rotations’ introduced
by Calderén and Zygmund in [4]. Special cases of our result in R! or R"
include results in [1], [2], [3], and [6]. The special case of our result with
the product of two first order remainders was proved by Yee [7].
This paper is divided into seven sections. In the first section we state
the main result. In Sections 2 through 3 we deal with the “odd” case of

/
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our result. The results in these sections are fairly straightforward exten-
sions of one-dimensional results via the nicthod of rotations. The last
two sections deal with the “even” case. The methods needed in these
scctions are different and more technical than those used in any of the
earlier known cases.

1. In this section we state the main result of this paper. We shall
refer to result (i) as the “odd” case and to result (ii) as the “even” case.

THEOREM. Let Q(x) be homogeneous of degree zero and integrable on

Z,_, the unit sphere in R". For j =1,2,..., m, let b’(x) have derivatirves
of order m; in L'i, 1<, < oo. Lot 1<p< oo, 1<g< oo’}—- :_1_ +
m 1 q D
+ > —, and let

i=1 7y

o —y* Y

Q(z —1 .
of@ = [ ZESO [ [Ptz wiswiay,
i=1

lz—yl>e

C.f(x) = sup|C.f(x)],

e>0

m
where M = > m;. Then
=1

(i) if Q(—x) = (=1)*T'Q(x), then the operator C, is of strong type
(P, q) and

m
uftg<e [T 3 i )i, [100oide
J=1 uj=mj z
where do denotes surface measure on X, _, and C depends only on p,r,, ...
vy Ty My and n,
(i) if Q(—x) = (—1)MQ2(z), 2 is in Llog"L(Z) and [ x°Q(r)do = 0
z

for all a such that |a| = M, then the same conclusions hold as in (i) ercept
that [ |Q(x)|do has to be replaced by [ 12(z)i(1+log* | R2(x)l)do.
P z

The proof of this theorem will be sinmilar to that in [1]. YWe shall be
brief in those arcas of the proof which carry over with minimal chunge.
‘We rcfer the reader to [1], [4] for additional details. YWWe note that the
boundedness of C,f(z) in the onc-dimensional case was established in [5].
Finally, we note that C will denote a constant which may vary from
line to line, but which depends only on the parameters mentioned in the

theorem.

2..In this scction we establish some lemmas which will be needed
later. The first lemma is analogous to 3.1 in [1].
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LEMMA 1. Let N(x) be homogeneous of degree 0, and let P(1), t > 0,
be such that '®(1) is decreasing for some 8 < 0 and f!‘“" Yd(t)dt < oo.
Let b have my-th derivatiws in L, 1<r;< oo, and let l<p< oo,1<q

< co and 1jg = 1/p+ Y . Let

l

Df(x) = ¥ [ N(a- y)d’(ﬁ'ﬂ)npm,b z, )/ (V) 4y,

D.g) = suple " [ [@—vio(E20) [ ] 2oy, NSy}

o0 J=1

Then

HDJN,,<C]E]( D bl )if1, fl z)|do.

j=1 laf=m;

Proof. By standard arguments, it suffices to prove the estimate
for D,f in the one-dimensional case with f,d',...,b™ in C3. Suppose

that [ tMP(1)dt < co and *P(1) is decreasing. Since
0

0 <2 *(22) D (27)x < f MP(t)dt > 0

as L — oo, it follows that r¥ '@ (z) >0 as £ — oo. Similarly, 2¥+'®(z) -0

m

v
as r—>0. Let F (y)=ft*][] lej(b’;a', t+x)| If(t+7x)|dt. Now
¢ j=1 . .
|Pm7,(b"; r,t+x) < Ct’"izi(bj,,j)(r) where .1 is the Huardy-Littlewood maxi-
mal function. We have

» v
B <C[]A@h) () [ P1f(t-0).at
j=1 0
< OWP () (@) [ | 403 ) (@),
J=1

Integrating by parts and using the above estiimate on the boundary terms
yields

g M- 1H¢( )HP,,, 0 y+a)f(y |
g M- ’f( ) ( ) ]7|ij(b’ r,y+x) f(y+2)dy
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e (Y o))
<oana [ | A“’f'-;"“”('f (%)u+d{(%)¢(%)})

j=

—.

<cay@ [ [ a¢h)@ [ v oway.
[}

~,

=1

The onc-dimensional case now follows by an application of Holder's
inequality and the boundedness of the Hardy-Littlewood maximal oper-
ator on L? and L', j = 1, ..., n. The n-dimensional result follows by a
standard rotational arguiment (sce [4]). YWe note that the restriction
q = 1 is not needed in proving the one-dimensional result, but is required
to obtain the n-dimensional result by the rotational method.

The second lemma is a multilinear version of Lebesgue’s theorem
in m variables.

LEMMA 2. Let N(x) be homogencous of degree zero with [ [N (¢')|dt’

Zn-1
< oo where dt’ represents surface area on X, _,. Assume for j =1,2,...
a1l 1
ey my fy € Li(R™) with D' = =< 1. For ¢> 0, let
j=1 Ti

m l [ ]
TSy, oees f)(2) =f[N(t’)|H(:f|f,-(J:+ﬁ) —f,.(x);dr)dt'.

j=1

&0

Then imT,(f, ..., f)(x) = 0 a.c.

Proof. Let M(fy, ..., fu)(@) = [ [N (¥')| F[f,-‘(a:, t')dt’ where f](z, 1)
1

&0
Littlewood theorem it follows that

L]
= sup (»i—f|f,-(x+rt’)|d-r). By Hélder's inequality and the Hardy--
[

fm(ﬁf"(x’w" ) dr < Cﬁ( fwlf;(zﬁ—rt')l'idr)q”f.
T j=1 —e

Integrating over the space of lines parallel to ¢’ and using Minkowski’s
integral incquality, we have

W (I3 g = ([ (¥ en] [ 1@, eracfae]™
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< e ff ([]5 oas)]ar

RM fm

<o fuvwnae) [T{ [ o)™,
i=1 R"

Let B, (fyy .., fu)(z) = fN(") ”(‘}fﬁ(x%-"")“.ﬁ(x)dr)dt’. We now
j=1 183

gshow that R,(fy, ..., f.){x) = 0 a.e. as ¢ - 0. It is clear that R,(f,, -..
<oy fm) (@) = 0 everywhere if f,,...,f,€Cr. Let 4,l0. We keep f,,...
oy fm in C3° and let f, e L"(R"). We write f, = g{+ A] where g; € O¢°
and Rl ey < 61 Then R,(fi,fas -y fm) = Bulgls Say ooy fun) + Bo(R], fayeo.
veesfm)e Now R(g7, fsy ++y fu)(®) = O everywhere as & — 0 since all the
functions are in Cg. Also |R,(h{,fy, ... [ (@) < 27 M (RS, foy o ooy [ ()
a.e. Thus by (1), we have

[{w: h'—l!ElR.(fu o fad () > 8} = i{=: lij?lR.(hI,fz, s fal(@) > 4,3

< e M, fay ey f)(@) > 278 3
< 2TMSTM R, fuy -y Sl

<2, o ([ Ixwynar ) [T use)ime,
f=2

m

<o macer(f v eniae)t ([ [ufm).

j=2

It follows that R,(fy,...,fn)(®) >0 a.e. The result for f; e L"i(R"),
Jj=1,...,m, follows by a simple induction argument on the pumniber
of functions not assumed to be in Cy°. We note that R,(fy,...,f,) =0

a.e. if [] f; is locally in L? for some ¢ > 1. Now let (g, ..., 0,n) D¢ an
f=1

m-tuple of rational numbers. Let J be a subset of {1,...,m}, and let
|J| = card(J). Now [] If;— oyl is locally in L?. Thus if J = {j,, ..., 4,},
ieJ

'R‘(Lfll—g’]" ey 'fj""—gi'”(x) "‘)0 a.e. (J/‘) as € —» 0- Let .E(J, ejl’ vy Qj.)
denote the sct of measure zero where this fails. Let £ = (U U B(J, ¢, ---
J

-.+y @;,) where the second union is taken over all s-tuples of rational numn-
bers, 8 being the number of elements in J. Then |E| = 0. We now show
that T,(fi, ...; fm)(®) =0 as ¢ - 0 if v e R"™\E. For z € R*"\E, we have

Ty(fuy s fu) (@) =an<t'>|[](% [ !j}(-’v-!—rt’)—f,(:r)ldr) av

Jm=1 v
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L 4

< [ixwl H ( f Uyl + 1) — o] = 11;(5) — g +21f,(5) — g dr ) @t

m

=3 S e [T I)—ekIfIN(t)I”( flf,<x+rt'>—e;|—

I;=l J:Ji=k keJ’

- (o) — g Jav +27 [T r-ed [ 1venae.

Bach integral in the first term is R,(|f;, —el, .-+ Ify, — o5, (2) for a
subset J of {1,2,...,n}. Since r ¢ E, it follows that each term in the
sum goes to 0 as ¢ - 0 for any (g,, ..., px). Choosing (g, ..., 0,) so that
m

[11f;(x) =l is small, it follows that T,(f,,...,fa)(®) >0 as &—0.
J=1

This completes the proof of the lemma.

3. In this section we show that the integrals

Q .
[ %”IPW v, i) dy

lz~yli>e

are finite almost everywhere. Proceeding as in [1], let S denote a solid
sphere in R™. Then

|2(z —y)| il d
] = yl,,ﬂnlpn. (¥%; 7, Y1 1f()idyds

S lr-vyi>e

m

= fl.Q(y)Iff “"' ]ij(bj;a:—ry')f(:v~ry')|drd.v.
J

=1

Now § is contained in {z|z = z+sy’, 21y’ 2| < B, |s| < B}, and
hence the inner integral is dominated by

(3.1)

o

fr"""ﬁ |P,,,),(bi'
j=1

lz2i< B [3|<B s

For j =1,2,...,m, let B'(s) = b'(z +sy’) and observe that for each j,
le (&7 z+sy, 2’+(3—T)y )r~—™ < .1(B},)(8) where A denotes the one-
dnnenslonﬂl Hardy-Littlewood mammmf funetion along the line {z+sy’;
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8 € R}. Thus the integral in (3.1) is dominated by

f ”A(Bin,)(s)f r\f e+ (s =)y )|drdsdz

1g]<B j8|<Bj=1

<c | f”A(B' )(s)dsdz(f;f(z+ry)|Pdr)’”

lzl< B |8|<Bj=)

C.s f n[ f( Z bi(z+ry' )"dr]”' f If(z+ 1Y) ]"dt)lpdz.

lel<Bj=1 -0 lal= m;

Intcegrating with respect to z and using lIdlder’s inequality with ex-
1 a1l 1
ponents p,ry, ..., r,,n, where — + — -+ -~ =1, shows that the
=
integral in (3.1) is bounded by a constant independent of y‘. The result
stated at the beginning of this section now follows.

4. In this section we establish the existence almost everywhere of
limits of the truncated integrals C,.f as ¢ — 0 under the assumption that 2
and f are smooth and f has eompact support. By a standard approxima-
tion argument it suffices to prove the theorem with this additional assump-
tion. Let K denote the support of f, let S denote a solid sphere in R?,
and let d = suplz —y| where z € 8, y € K. To prove C,f has limits almost
everywhere in §, we use induction on m, the number of factors in the
product defining C,f. The case m = 1 is simply the result in [1]. Assume
that C.g has limits ulmost everywhere in § whenever the product defining
C.,g contains at most m —1 factors and g € Cy with supp ¢ = 8. We now
consider C,f where the product defining C,f contains m factors. Then for
r €8, we have

B z-—y)
(41) C.f(z) = d>|z_w>‘mmﬂp (b7 2, y)(f(y) —f(x)]dy +
Q B .
s[4 e [ ENCIENE
>z yl>e =t

Since f(y) —f(e)| < Cfle —y!, Lemma 1 with &(f) = ¢t +!y, (1) shows
that

($2
'.l‘ (f:_\lyn 1 n‘Pm (b] ,y)|dy

d>iz-il j=1

Is finite almost everywhere and therefore the first integral in (4.1) con-
verges a.e. in 8. To prove that the second integral in (4.1) converges
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alinost everywhere in 8, we apply Green'’s theorem. Let h(z) = Q(x)4
[lej**. By Euler’s formula on homogeneous funetions, we have

S (2°h(x)). = —Mh(x). We also have for |a| =1,
fai=1
/]
(4.2) —-——ij(bj; z,y) = — ) y+a(y) (z—y)".

ayﬂ
By Green’s theorem the sccond integral in (4.1) is equal to a term inde-
pendent of & plus

(4.3) ~%2 f (—y)"h(r— {” {b’;w,y)}dy,

lol=1 d>lz-yi>e

(4.4) +  f lr—ylh(z- J)”P (b5 2, y)dy.

lz—yl=2
We now show that (4.3) and (4.4) have limits ahnost everywhere in 8
ag 8 > 0. Using (4.2) we may rewrite (4.3) as

l7|'=1'nj—-|

(4 5)
M ZH iyl f (x—!/)’+°h(w~y)an,(b';-v,y)b£+.,(y)dy-
‘ lal=l je=1 Jyl=my—1 v d>iz-y >e Pl

r#£]

Observing that z”T°h(x) is homogencous of degree M —m,, we obtain
by the induction hypothesis that each of the integrals in (4.5) has limits
almost everywhere in S. It remains only to prove that the integral in (4.4)
has limits almost everywhere in §. The following notation will be con-
venient. For L < k < n —1, let #, denote the family of subsets of {1, 2, ...
.., n} having k distinct elements. For J € ¢, let J’ denote {1, 2, ..., n}\J.
Then if {a;}]., and {§;}j., are two collections of » numbers, we have

(4.6) na+b)_na,+nb+z Z”abk

i=1 k=1 Js]k )&I

Using the integral form of the remainder, we have

)

51 ﬁu"’f i~V bl —ru')dr —

— Z_bl (x)u®+ Z%bg(x)to“

(4.7) P,,,I(bj; r,r—u) =

Jal=my la]=my
1y
m
_ Z a_'jumf m—l[bj(l.__ru )——b’(m)]dr+ Z _bf(w)u
tat=m; ° il =my
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Using (4.6) and (4.7) we obtain
2 —ythiz—y) [ [ Pu 52, 912y
z~yl=e j=1

—ent feh(et')HPml(b’;w,zmst’)dt'

=1

- M fh(t ”[ ;t fr”‘i”[bﬂ(x~rt’)——bﬂ(m)]dr]dt'+

IS -] lal=my
+eM f h(t’)n[z —a—‘—bg(x)(et’)“]dt'—k
W)=l ;’:11 Jatmmy ' .
e M fh(t)z Z”( Z ’t'°frmr‘[b{,(z—n')—bg(x)]dr) X
H*) o= r=1 JeSf, ]GJ lal=my

(3 bf(w)(u')")dr — I'(2) + B() + I (a).

lal=ing

THETRS f t)ln[zm’(if.lbi(x—ﬂ’%bi(x)ldr)]

J=1 laj=my

- > f|h(t')|n(£{(§fibi,(x—rt')—bé,(w)ldr))dt
J=1 0

ALy By 7] =1
l0ﬂ=ml

Now

Applying Lemma 2 to each term in the above sum, we conclude that
Ii(z) - 0 a.e. (z) as ¢ - 0. For I}(z), we have

B(r) = e—M;VjJ;M[ h(t)n(‘a‘_zm Y t'ﬂfrmf—*[bg(z—ﬂ')_
- b{,(x)]dr) (la‘g‘:,, ;-17 bk (x) (et’ )a) at

-3 S 3 o= [][] (g e)x

v} Je/,a WO ]=1
P

x U P b (@ —rt') ——b,{j(w)]dr)dt'.
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Thus I’}(x) is a sum of integrals of the form

=M+ Imk Q. nb" (@) [ )[n [] it
jeJ keJ’

{#1=1

[ bl (@ ) — bl (@)1dr} e

4

Tach such integral is dominated by

C,,kg:bfpf f{h(t {]Y( f.b’ ——rt’)——bﬁf(x)ldr)dt’.

1¢'[=1

To each of these integrals, we may apply Lemma 2 and conclude that
I}(z) —» 0 a.c. Finally, we note that I?(x) is independent of . In fact,

]

LB(x) = fh(t)

Wi=1 =1
|,_-,I =my
1
— Z ( fk(tl)tlal-‘—..ml-amdt')”*Tbij(.’r)dt’.
aj, .y {'1=1 j=1 aj.
|"jl=ml-

It now follows that the integral in (4.4) has limits almost cverywhere,
and therefore, the truncated integrals C,f have limits a.e. (x) in S.

5. In this section we prove the theorem under the hypotheses in
(i). Since

Q. —— m
f II_.L.—:(_%}—’—.)JT anj(bj; ‘Eiy)s if(y”dy< co a.c. (x),
=1

lz—yi>e

we may pass to polar-co-ordinates in expressing C,f(x). Because of the
symmetry 2(—z) = ( —1)*"'Q(z) we obtain

R e [] P, (05, W) dy

lz~vi>e

Z% f Q) fT_M"anj(b’;w,.r—rt’)f(r——rt')drdt'.

=1 irl>s j=1

Thus
Cuf@)I <t [ 1200 (x, )iar <t [ 120)1C.f(=, V),

=1 HEE!
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where C,f(r,t) denotes the one-dimensional truncated commutator in
the direction of ¢’ and C,f(x, t') denotes the corresponding one-dimensional
maximal commutator. By the result in [5], if © = z+7rt’, 21 ¢, then

co

f C flz+rt', t')idr

cn[ f( 2‘ 10 (2 -+ vty 1) Par]" f|f 2+t ) 7dr)"”
Integrating over the space of lines parallel to ¢’ and wing Hélder's in-
equality, we obtain

L[ Cuatr vyaa) < 0 n[ff [ 3 wiea)ad]™ ([f 1£()71de) -

laji= m,

Applying Minkowski’s integral inequality, we obtain

(ff Cof(2)%dz]" < C( f (2( t)ldt)(ffc. r t)q(Lr)l/q

<c( ) t!?(twdt)n[ff( S elta)e] ([ f 15 raa)”

f] -H'lj

C( f (1 dt]]—” D' iln, )“fu ,

i#i=1 i=1 aj=m;
This proves the theorem under the hypotheses in (i),

6. We are now ready to prove the main result in the “even’ case.
Let h(z) = 2(x)/jz}¥*™. Let Rf(-) denote the vector valued function
with jth component equal to the jth Riesz transform of f. If g(-) is a vector
valued function, let (R-g)( ‘) denote the scalar function obtained by sum-
ming the jth Riesz transform in the jth component. With this notation
we may write any f e Cg° as ¢R-(Rf) where ¢ is a fixed constant indepen-
dent of f. Let N,(r) = Rh(x) where owing to the singularity of & at the
origin, we interpret this for z #£ 0 as lim [ R(x—y)k(y)dy (which con-

e+0 |r—-yl>e
verges in the mean as ¢ — 0 on any compact set not containing 0, see [4]),

and the truncated integrals [ R(r —y)h(y)dy areinterpreted in a manner
1z—yl>e
analogous to that in [1]. Moreover, we note that N,;(x) is homogeneous

of degree —M —n in each component and N,(—x) = (—1)¥*'N,(z).
Thus N,(x) satisfies the conditions of part (i) of the theorem and therefore
it suffices to estimate sup|C,(R-g)(x)—C.(Rf)(x)] where g = Rf and

£>0

CURf) @) =¢ [ Ny@) [[ P b5z, 9)g(y)dy

[x—vi>s j=1




210 J. Cohen and J. A. Gosselin

Let ¢(1), ¢t > 0, be a C* function which ratisfies ¢(t) = 0fort< },9(t) =1
for t> % and 0<g() <1 for all t. Now C,.f(z)—C,(Rf)(x) = D, f(z)+
+ B f(x) + F,f(z) where

pfw) = [ he—y [ [Pattiz, &gy -
J=1

lr—-yl>s

— [ 1 —p(ETE) [ [ 2ot 2, 200 w18,

7=1
B = [ re-ne(E0 R f[Pm,(b’ z, )9 ()](w)dy -
lz—yl>* J=

- fN,(z—y)‘nP,,.,.(b’;x,y)y(y)dy,

[Z—yi>8 i=1

Ff@) = [re-ne(= y'){HP (85 2, y) (R-g)(4) -

-—R«[HPM,W’;J" g0} ay.
fe1

Let D,f(z), E.«f(r) and F.f(x) denote the corresponding maximal oper-
ators. We shall estimate each of these operators separately. Now

D@t =| [ me-pe(ES y')[]P,,.,(b' 2, Y)(R-9) 1)y

e>|r-yl>e'4

= y)[ P b5 2, 9) (R-9)(y)|d

lr—yi<s

The desired estimate for D.f now follows by applying Lemima 1 with
® = X+ The estimate for F.f is essentially the same as that in [1].
As in [1], [4], we introduce N,(r) =lim [ R(x—y)h(y)e(lyl)dy and
note that =l (z-yl>s

(i) |No(2) =N, (x)| < Clo|~¥" """ for |z >

(1) |Ny(2)| < @G(x) for || <1 where @ is homogeneous of degree
zero and satisfies [ [@(z')ldz’ < C [ th(z")i{1+]log*|h(2")))d=’,

|Z'|==1 le't=1
(iii) if g(-) is a vector valued function with entries in L% 1 < ¢ < o0,
then

[re(EZ) oy =¥ [ 3,(27E) sy,
RN R"
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One then obtainsg

m
r—Yy :

e [ (Z7E) [ [ P @i2, g1y -
Rn J=1

- fN,(x—y)~ﬁ1’mi(b’;=v,9)9(y)d3’|
J=1

lz-yi>e

[E,f(-l?)‘ =

coen [ ()

1

[] 2utts 2, oty +

Jei

jr=ylze
—M- -~ Som
te "1 L]G(x y)anj(b,z,y)g(y)!dy.
r—yi<e ~a

An application of Lemma 1 yields the desired inequality for E.f.
We now estimate ¥, f. This is the most technical part of the proof.
Recall that

£t = [ re-pe(ZT2) [ Ry _t)'{,ljp”"(b" 9~

- ﬁPm;(b’; r, t)}g(t)dtdy

J=1

m
where h is homogencous of degree —n —M, 3 = D' m;. Our entire proof

. “
is basically an induction argument based on the number of rcmainders
in the commutator. The case of one remainder is simply the result in [1].
e shall refer to the number of remainders as the order of the commutator.
We are considering the case of an mth-order comimutator and will assume
the appropriate boundedness of all commutators of order less than m
as our induction hypothesis. The estimate for F,f requires systematically
integrating by parts 3 times. Unlike the case in [1] the inner integral
as a function of y does not have derivatives of order M in the appro-
priate space. After expanding the product in the inner integral as a large
sum of terms, it turns out that at each stage of integration those terms
which cannot be differentiated again can in fact be written as a compo-
sition of lower order commutators and can thercfore be removed from
the sum. After the final integration the inner integrals are mth order
commutators each having an mth order derivative of the Riesz kernel
as its kernel. Since the Riesz kerncl and all its derivatives fall into case (i)
of our result, the “odd” case, we can estimate this term. Finally, at each
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stage of integration, terms arise in which a derivative has been placed
on ¢(.c—y'/e). We shall refer to these as error terms. While these terms
can be estimated essentially by Lemma 1, the proofs are technical and
gsomewhat cumbersome.

Ve now introduce some notation. Let # denote the collection of all
ordered subsets of {1,2,...,m}. For J € # let J’ denote the ordered
complement of J (e.g. if m =6 and J = (2, 5), then J’ = (1, 3, 4, 6).)
Given J' = (p,, ..-,P,s;), let o(p,) denote a multi-index with n entries.
For J Ef and J' = (plv “"le'l) we define Q[Jy U(Px), e U(I)IJ'I)](yv t)
ag the term

1J 1
n mp'mpk—la(pk)l(b:&m; Y, 1)z —y)"P.

k=1

We also impose the restriction that whenever we write Q[J; a(p,), ---
vy a(Pa ]y lo(pa)] < my, for k =1,2,...,)J’). With the aid of the
formula

1
(61)  Palb;r,) = Pulbi2,9)+ D —Pn b5y, Oz —y)°

lal<m

and the above notation, we may now write

= : = . 1 .
[P0 = [[{Pa, 052,00+ 3 2P0 w6l v, 06—y

=1 J=1 lai<my
= [[Paic, 00+ D) [ [Pt 2,03 D) @1d50(p1), s otpisd Ny
=1 Je F jed
J'#O
where the inner sum is taken over all possible choices of a(p,), ..., o(P s )-

When no confusion can arise, we will abbreviate the inner sum as
2 Q[J; 0(J)]. Given a term Q[J;a(J")], we define |Q[J; a(J")], the

order of this term, as 3 (m, —lo(p,)I).
1< <101
Applying Euler’s formula on homogeneous functions and Green’s

theorem, we have

fh(x—yw('x_y')fl%(y—t)-

F.f(x)

I

£

'{ﬁP’"f(bj; T, Y)— ]ﬂ[ij(b’; xr, t)}g(t)dtdy
=1 i
-7 % Zf(w-y)“h(x—y)«p( "”:”' )fRa(y—n.

k=1
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m

3 [P (b5 7, y) — n Py, (b5 2, O} g(t)dtdy -

i=1 =1

—%;;Sj1r~w%w—yw(”:“)wa—ﬂ-

lal=1
’ (_/a lan,(b Ly Y) Hpm}(b r, t} (t)dtdy +

b [hamn (229 g (224) [ mg -
-{ﬁP,m(b’; r,y)— [m]Pm,.(b’; r, t)}g(t)dtdy
=1 j=1

= Fif(2)+ F(x) + F3f (2).

\.

The third term F3f(z) is an error term and will be estimated with all error
terms in the final section of this paper. For the second term we have

_1 ,_1"‘ . a\GF B (e =yl
P“m‘ﬁi%ugw%;f” w+Mxym(€ )x

m
X [ IPm,.(b"; ry )05 (9)f(y) dy
i=1
J*k
Each integral in ¥ f is a commutator of ovder strictly less then M. By the
induction hypothesis and Holder’s inequality it follows that

lsup i F5f () fly < C[ﬂ N i, )if 1R prog 1y -

ﬂ =
H "‘j

To estimate ¥.f we must integrate by parts again. Before doing so we
must expand the expression in brackets in F!f and remove some “good”’
terms. To do this we use the notation introduced earlier. We have

Fif(@) = —3[— f(x Rz — y)¢(;z y')fR
laf=1
JE’ {QP,,. (%52, 9) ZQ[J a(J")](y,t } 1y didy

J 2O
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1 SN o [z —yl
s PN e RIC y).,,( )HP,,.,b 2, 9)

: f R.(y—1)-Q[J; o(d)](y, )g(t)dt
= Fif(z) + 6 f(z)

where G.f contains all terms with |Q[J; o(J’)]] = 1. Such terms occur
only when |J| =m —1 and if J' = {p}, lo(p)| = m, —1. In such a case

QLJ; a(J) )y, 1) = Py (b%,)5 ¥, ) {(z —y)™ .

1
o(p)!

Thus G.f is a sum of integrals of the type

1
a(p)!f(.v—y) AP (r—y)g (‘I y‘)HPm (b 2, y) x

fR _t U(l})!J) )g(i)dtdy.

Noting that z°T°Pl(x) is homogencous of degree —n —M +|a||o(p)l

= —n— Y'm;, we observe thut each integral in G,f is the composition
jeJ

of a commutator of order m —1 and a commutator of order 1. By the indue-

tion hypothesis and the boundedness of the Riesz transform we obtain

IsupIGLf ()l < 0[]( 2 1520, IF I 2 zog oy -

J=1 Jaj= m
To summarize, we so far have F,f = F}f-terror terms-terms with the

appropriate boundedness. We now apply integration by parts to Fif
and obtain

M —2)! —
Fife) = L 3 3 3 [a—nthis—pe Y

M)
la|-=l Je S
181=1 1JI<m |Q[>1

[ Bty = [ [ Po, s 2, 910175 000w, 090} dtdy +

jeJ

F O 2 3 X e hia (8 [y

la|=1 Je S
181= lIJ'<m !QI>1

7 {IYPm; 5z, RLJ; aJ’)](y,t)} (t)dtdy

Jjed

.cy

R
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—(HM?)' 22 th(m y(! —yl) ('“’:y')fﬁ’,(y

la|=1

lJl<m (O(>1

{HP (b5 2, 1)QLT 5 o(I)]Y, t } (t)ydtdy

JjeJ
= Fif(x) + Fif (z) + Fif (@)

As before, F'f is an error term and will be estimated later. Before esti-
mating F3f and F&f, we describe the situation after k integrations by
parts. We do this now because the argumcnt required to estimate FSf
is essentially the argument which treats the general case. The (k+1)st inte-
gration by parts is as follows:

=1 (M —k—1)!
Fotf(a) = A 2 [ e-rna—nx
lul

JeJ
18]= 1 |J]<m 101>k

o {EZI) [ sty =0 [ ] P05 20019 00l D010 +

jeJ

+{<—1)‘*‘(;I!—k—1)! ZZ Zf, YV h (@ — ) (lr—ul)

lal=k JeS
(Bf=1 I Zm lor>1.

x [ Ruty - a,I;I{HP,,,,UJ 2, 9)Q17; o)1, O} g(vdtdy +

(=LA k-1t
N M

N N ([ . Iz —yl
Z %“[(J:—y) h(r—y)( - )><

lal=k JeJ

Ji<m Q> %
rp'( i :y')fRaw —0)- [ [ Po, 52, 9)QW 5 0001w, gty
jed

= P (x) + P8V (o) + FFYY ().

As always we consider F{9%3f with all the civor texms. To handle Fi#+?
we must calculate

(6.2) 201 D D[] Putric wo1ss ey, v}

Jes ) jed
Ul<n Wk

where [8] = i. To hardle (6.2) it 1s convenient to introduce one additional
piecc of notation. Given an integer 1 < ¢ < m we let #(i) denote the col-

lection of all subsetsof {1,2,...,1—~1, i+1,..., m}. Given J € #(i) we

2 — Studia Math. 72. 2
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let J (i) denote the complement of J with respect to {1,...,t—1,i+1,...

m}. We then have

0 Y ] o )
(6.3) —@7{2}‘ % j[eJ]Pm,.w’,x,y)Q[J, (I, N}
\JI<m 1Q1>k

= 2":, > 273?,7{P"'a-(”"”’l”}”Pm,-(”";I,y)QlJ; o' ()], ) +
jed

i=1 JeJS) Q
>

Q1>
m .
B 1 O ;
33 S S te )
1=1 Je J (i) O|o>k lri<m;

x [JP,,‘,.(b"; 2, Y xQ[J; oI (D)) . U+
)

B DND A S PR P

1=1 JeSF(%) Q
1QI<k

oglyi<my—k+1QI

x [ [ Pas¥'s 2, 9@ ol @] w, 9

Jed

o ) . .
= 2, Z Z F {Pry(b'; 2, 1)} IYPm,.(b’;«v,y)Q[J;a(J’(i))](z/, 1)+

(=1 JeJ) Q Jed

P ilB 153 95 O(2 —y)’} x

1QI<k
X ] IP,.,(b";r,y)Q[J; o(J(8))) (¥, )

jeJ

\ ) N\ \ .
= Z Z Z A.\J {Pm.'—l',':(b;+ﬂ§ Y, )z —y)’} %

Q  yl=mi—k+IQt-1

Qi<k
x [ [ Pay 52, 1017500 (D] (9, 0
jeJ
since P,,,',(b‘; x,1) is independent of y. We now return to our estituate of

R+ Using (6.3) we have
(—1)N M —F —1)!

(6.4) FX*f(z) = — e
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m
\' Z \" f Vo R(E — z—yi).
XZ,./_JE X (2R =y)g{—
i;ll_f 1=] JeJ() Q[J a(J (r))] Iyl=mi—k+1iQl—1

]7 (5 2, ) _JR Y—O)XPp (¥ 559, 0)

[ ] P 5203 9, D 1)ty

pedith)
where 7 =a+fB-+y+ 2 ). Then in| = k=1 +m;—k+1Q| —
—“20 {m, —la(p) |)+ 2 1a pn = m;+ gmm = M- Zm, Thus 37k (2)
is homogencous of deoree —n—M- (M- jz my) = —n——jEZJ my. Also we

note that m; —ly|+ 3 m,—lo(p)| =k = [a]. It follows that each term
ped (%)

in (6.4) is the composition of a commutator of order {J| and a commutator

of order |J'(i)] +1. Since |J| < m, we may use the induction hypothesis

on the outer integral, the “odd” result on the inner integral, and the

boundedness of the Riesz transform to conclude

Isup|F¥*42f () Iy < € ” (D) 1020, ) 111 QM segrper,  for k< M —1.
! f=1 tal=m;
For the terms F¥f k>1, we write FHrf(z) = G¥ ' f(x) +
+ F¥5+01 () where

k+1

la)=k Je)’
Bl=1.Jl<m Ql=k+1

o=yl - ,
X w( e )ﬁPn.,(b’;x,y)j Rorp(y—1) QU5 o)y, t)g(t)didy,
(—1*+YA —k —1)!

- M!

F:(l‘+l)f(.7}) Z J‘(‘L' _y)c'}t(J, 1
lal=k+1 JeJ

Q
Wi<m Q> k+)

(lw y’)np (b7 :o,y)fR y—1)-Q[J; o(J) Uy, thg(t) dtdy.

jed

We have

_ (—)" N —k— —1)! O ”
(6.5) G¥tf(x)= T 1‘,2::3}}’ 2 f(.’c—y)h(r—y)x

Q
18i=1 WJi<m|IQi=k+1
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( -~ )[YP"'f(b’ ) 9) fR"‘H’(y_t) HPM ooy (b3p)3 ¥y 8) X

feJ
% g(t)dtdy
where g = a+ 8+ D o(pg)and || =k +1 — E(m ——lo(p)l)—}— Zm =k4+1—
seJ’
—(k + Jm, = 3'm,. Thus 2"h(x) is homogeneous of degree —n— Dmy.
PeJ’ pel’ jeJ

It follows that each term in (6.5) is the composition of a commutator of
order |J] and a commutator of order |J'|. By induction on the outer inte-
grals, the result in the “odd’ case on the inner integrals, and the bound-
edness of the Riesz transform, we may conclude that for 1<k < M -1,

Isupl GF*f ()l < [] (D) 1020,) U 112N prog + Lz -

=1 lal=ny

We now write Fik+Df — Riern+ify patken+ag ) pakeDs3f ang iterate.
The process terminates when k = M —1, because in this case F¥f = GXf
It now follows that in order to obtain the desired estimate for F,f we
need only cstimate the error terms Fi¥*3f for 0 < k< m—1.

7. The error terms. To finish the proof we need only show that the
terms involving ¢’ satisfy the appropriate L? estimates. Before estimating
these crror terms we note that ¢’ is supported on the interval [}, 1]
Conscquently, the region of integration in ¥ in all terms with ¢'([z —y|/e)
is the annulus ie < [z —y| < ¢, In this region we have the estimates
lz—ylle <1 and |H(z—y)| < 4eMH((@ —y)/(j —y)))] for H homogencous
of degree N.

The first error term we cstimate is

R T e e [ [ Bettizy s~

—fh 2 —y)g ( ) fR( -ﬁij(b’;w,t)g(t)dtdy
J=1

= Lf(x) + L[f(x)

For the first term,

1@ < e [ |@@=nof (Z22) [] 2oy 2, istfas.
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Applying Lemma 1 with @(s) = ¢’(s) and N (2) = 2(z) we get the
estimate

(7.1) ISupiLLf ()i g < € TTU S i i 1120 e+ 24y -
&> Jj=1 la

| =my

To evaluate I;f we note that
Lf(z) = [N@—0) [ [ Pa, ' 5, (1),
j=1

where

N@) = [ Ra—pe (L) E .

Letting ¥ = ue and applying results in §5 of [4] we have

&
IN‘(x)Igl le}{-ﬁ-ﬂ-{'l !
e¥-rG), |z|<e

[ 2 &,

where G (z) is homogeneous of degree zero and |Gl < CllQlpog+ 1) -
Splitting I’f into an integral over |z —t| < ¢ and |z—1 > ¢ we can
apply lemma 1 to each piece and get an L? estimate of the type (7.1) for
the maximal operator associated with IZf,
To estimate the remaining error terms we need only show that the
maximal operator associated with the general term F*¥*f satisfies an
estimate of the type (7.1). Splitting up the integration in {, we can write

I D D N K T e R

laj=%k JeJS Q
J<m 1QI>k

XI—[Pm,(b’;x,y){( f+ f )Ra(y—t)-Q[J;o(J’)](y,t)g(t)dt}dy
jeJ

ly—ti<se ly—-1>5¢

= I}k (@) + I Mf ().

To evaluate I1*f we look at the single term corresponding to a fixed
a, J and Q. We estimate its associated maximal function and sum over
the index scts given in equation (7.2).

If we take the absolute value of a single term, it is clearly bounded
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, 1 1=yl
C wmon f!.()(.v——y)cp( . )HP,,,j(b’,z,y)lX

jed {
)
y—t]i e

l
. 17 P"'p""(P)I(bf(p); Y, t)g(t)ldt} dy
pel’

-n—k

1
X Su}(-]) ene Qi
£ w-fi<se

where [m(J)| = D) my.
jeJ
The inner operator satisfies Lemma 1 with &(s) = s"‘"";([(,, 5($)
and N(y) = R (y/jyl). The L norm of the inner operator is thus bounded
by
1

e[ D) wini, where _i _ %+ ZZ

jeJ’  lal=m; jeJ

The outer integral satisfies Lemma 1 with @(8) = ¢'(s) and N (x)
= 2(z). Since the inner operator is in L", the maximal operator for cach
a, J, @ fixed satisfies an cstimate of the tyvpe (7.1).

To estimate I2%f we look at a term with a fixed and we sum over J
and @. We arc left to evaluate terms of the tyvpe

(7.3)
- o e —yl {le—yi )
24 Z‘f(m-—y)h(x—y) £ q)( £ )HP,,,,(b’,a:,y) X
:;is--{m ]0!Q>k tad
x Ry(y —0)Q[J; o(J) Ny, t)g(t)dtdy
ly—{1 =58 .

- {J;QZ _2 Z}J‘(...)dtdy.'

JeJ QI<k

We cstimate these sums separately. For the second sum we first

consider a terin where |Q! —= k. Using the notation 2°V? = [[2® | writing
peS’

out ¢ as a product and taking absclute values, we have,
aLalJ’ |‘D “?/I ’ "B _y‘
| @ mie—n EZE (B [T 20752, x
: jeJ

<{ | Ry-n L] P oinbhins ¥, g(1)at] dy

ly—tiz3e
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[
—
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1 S eyl ;
J&
|
X{supf f R,(y —1) 'HP,,.,,_IU(,,,;(b&p); Y t)g(t)dt}}dy-
+>0 ly—tl>5s ped’

The inner operator is in L"(1/r = 1/p+ 3 (1/r;)), because the de-
je

rivatives of the Riesz kernel satisfy (i) of our theorem. The maximal opera-
tor associated with the outer integral satisfies Lemma 1 with @(s) = ¢'(8)
and N (z) = £(x). Summing over |la|] =k and appropriate @’s and J’'s
we get an L2 estimate of the type (7.1).

For the terms where |Q] << %, —1 and J fixed, we see after taking
absolute values that a typical term is bounded by

1 [ 12—yl
C ;mflg(l‘—y)‘l’ (_T )”ij(bji z, y)
jeJ
’R ( y—t )i y—t
j : Iy—tl L

X HPmp_ya(p)l(bf(p); y,1)g(t)
peJ’

X

~n—k

X

1
X sup €n+IQI f
>0

ly—{=5s

dt} dy.

The inner operator satisfies Lemma 1 with @(s) = s—"—kX[s,oo)('?) and
N(y) = R,(y/lyl) since [P(s)s"+'9~'ds < oo for |Q|<< k—1. The outer
integral satisfics Lemma 1 with &(8) = ¢’(8) and N (x) = Q(z). Thus the
maximal operators associated with terms where |Q| << k satisfy L? esti-
mates of the type (7.1).

To estimate the term coming from the first sum in (7.3) we recall
that

D ] Poslbss 2, 9)Q1T; 0Ny, 1) = [ [ Pu(ts 2, 1),

JeF Q jeJ i=1
So we must estimate the integral

(7.4) [ @@=y () A

&€

B (y—1) | [ Pu's 3, g0 dtdy.
ly—~{[=5e i=1
Using the facts that

(ot = [ (aa+] [ - j}(...)dt

l—t1>5s lz—{1>58 [y—ti>se [z—Ei>5s

and |y —t| > Be > 5|xr —y|, we see that the absolute value of the term in

<4
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(7.4) is bounded by

Ra(y—t).

lz—81>58

(7.5) f(x —y) h(z—y)p (

. = i.
Hpmi(b ; @, t)g(t)dtdy{_;_f

x{ f ‘Ra(y—t)- HP,nj(b’; z, t)g(t)’dt} d

2y~ {<10s

!w—yl) [z —yl

£ £

lm—yl) lz —yl <

(z—y)"h('w—y)q:'( )=

To evaluate the first term we use the cancellation properties of A
which allow us to replace R (y —1) by

R,(y—1)— y R,z — (y fL‘)

18l< u k+1

= Py p(Be; ¥y -1, z—1).

Since jo—1 > 5¢ > 3l —yl|, we can use the estimate

!-F—yIM_k+l
[Paryir(Bojy—tyz- 1) < CW,—

So the first term in (7.5) is bounded by

__f (x—y (]w yl){en}ru f (]m_tl)—M—n-—lx

&€
[x—1i>5s

3 P, (b lala O(z)|d
xg; 85 2 0904 y<0mfll (2)dw x
1 l{ |z —tf\~M-n!
X{S;l)l:g)'em f i( ) IYP b x,t)g t)|dt}

lz—t1>5s =1

The second integral satisfies Lemma 1 so the first term in (7.5) satisfics
and L? estimatc of the type (7.1).

Finally, we use the fact that for 2e < |z —1| < 10¢ and |z — yl < & we
have |R,(y—1t)] < ¢/e"t"®. This implics that the second term in (7.5)
is bounded Ly
0—:;f Q(w—y)¢’(lm

[ [2n¥%5 <, t)‘ly(t)ldt}-

=1

yi\l { 1
d il
)I ¥ S“i%) ght M

2eiz—~ <104

L&
N E
IRE
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The first integral is bounded by a constant times the L' norm of 2 on
the sphere. The second integral satisfies Lemma 1 with @(8) = gp, 14/(8)
and N(x) = 1. So the maximal operator associated with the second term
in (7.5) satisfics an L7 estimate of the type (7.1).

This completes the proof of part (ii) of our theorem.
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